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ALMOST KA¨HLER MANIFOLDS AND HAMILTONIAN
DYNAMICS
TSUYOSHI KATO
Abstract. We study analysis over infinite dimensional manifolds con-
sisted by sequences of almost Ka¨hler manifolds. In particular we develop
moduli theory of pseudo holomorphic curves into the spaces with high
symmetry.
As applications, we study Hamiltonian dynamics over the infinite
dimensional manifolds, and induce some dynamical properties of Hamil-
tonian diffeomorphisms on such spaces.
1. Introduction
Global analysis of infinite dimensional spaces is one of the main subjects in
geometry. In this paper, we study infinite dimensional geometry and analysis
from symplectic geometry view point. In particular we introduce a class of
infinite dimensional geometric spaces consisted by sequences of embeddings
by finite dimensional manifolds. We develop a basic analytic tool to perform
some functional analysis under the conditions of high symmetry over such
spaces.
Moduli theory of pseudo holomorphic curves is the very powerful tool
and has become one of the central theme in symplectic geometry. From
the view point of infinite dimensional geometry, we study almost Ka¨hler
sequences [(Mi, ωi, Ji)] which consist of families of embeddings by almost
Ka¨hler manifolds:
(M0, ω0, J0) ⊂ (M1, ω1, J1) ⊂ · · · ⊂ (Mi, ωi, Ji) ⊂ . . .
In order to develop global analysis over these spaces, we introduce Sobolev
spaces with Hilbert space coefficients, and then we study the moduli theory
of pseudo holomorphic curves into such infinite dimensional spaces from two
dimensional sphere. Our construction provides with two main ingredients.
One is Fredholm theory of the linearized maps, where it requires two con-
ditions; closedness of the range and well definedness of their indices. The
other is non linear analysis where it also requires two conditions; regularity
of maps and compactness of the moduli spaces. We discover that these prop-
erties are also satisfied over the infinite dimensional spaces under the high
symmetry conditions. Many of the complex infinite homogeneous spaces
satisfy such symmetries.
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2 TSUYOSHI KATO
Let [(Mi, ωi, Ji)] be an almost Ka¨hler sequence, and hence each (Mi, ωi, Ji)
is an almost Ka¨hler manifold. A map u : S2 = CP1 → Mi is called holo-
morphic, if the almost complex structures commute at each z ∈ S2:
Ji ◦ Tuz = Tuz ◦
√−1 : TzS2 → Tu(z)Mi.
Let E(J)i, Fi 7→ S2 ×Mi be vector bundles whose fibers are given by
endomophisms respectively:
E(J)i(z,m) = {φ : TzS2 7→ TmMi : anti complex linear },
Fi(z,m) = {φ : TzS2 7→ TmMi : linear}.
Let us fix a large l ≥ 1. Then for each i, let:
Bi ≡ Bi(α)
be the sets of normalized and pointed L2l+1 maps from S
2 to Mi, whose
homology classes represent α ∈ pi2(Mi). Then we have two stratified Hilbert
bundles over Bi:
Ei = L
2
l (B
∗
i (E(J)i)) = ∪u∈Bi {u} × L2l (u∗(E(J)i)),
Fi = L
2
l (B
∗
i (Fi)) = ∪u∈Bi {u} × L2l (u∗(Fi)).
Notice that these spaces admit continuous S1 actions induced from the
canonical action on CP1.
The non linear Cauchy-Riemann operator is given as sections:
∂¯i ∈ C∞(Ei 7→ Bi), ∂¯i(u) = Tu+ J ◦ Tu ◦
√−1.
u is called a holomorphic curve if it satisfies the equation ∂¯i(u) = 0. The
moduli space of holomorphic curves is defined by:
M(α,Mi, Ji) = { u ∈ C∞(S2,Mi) ∩Bi(α) : ∂¯i(u) = 0 }.
J is called regular, if the linearized maps are onto at all u ∈ M(α,Mi, Ji)
and all i ≥ 0:
D∂¯J(u) : TuBi 7→ (Ei)u
Take any u ∈ B ≡ ∪i≥0 Bi, and consider an open neighborhood U(u) ⊂
B. By introducing Sobolev norms, one can make completion U(u) ⊂ Uˆ(u).
Notice that an element in Uˆ(u) cannot be realized by a map into M =
∪i≥0 Mi in general. Let:
∂¯J : Uˆ(u) 7→ Eˆ|Uˆ(u)
be the extension of the CR operator on their completions. The differential
of the operator is not necessarily onto even if it is regular, where the range
may not be closed. An almost Ka¨hler sequence is said to be strongly regular,
if the extensions are onto at all:
u ∈M[(Mi, ωi, Ji)] ≡ ∪i≥0 M(α,Mi, Ji).
This is a key property of moduli theory we develop in the infinite dimensional
setting.
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Theorem 1.1. Let [(Mi, ωi, Ji)] be a symmetric Ka¨hler sequence.
(1) If it is regular and dim∪i≥0 kerDu∂¯i = N is finite, then it is in fact
strongly regular of index N .
In particular M[(Mi, ωi, Ji)] is a regular N dimensional manifold.
(2) If moreover it is isotropic and is regular with respect to a minimal
class α ∈ pi2(M), then the equality holds:
M[(Mi, ωi, Ji)] = M(M0, ω0, J0).
Moreover they are compact.
As a particular case, CP∞ with the Fubini-Study form satisfies (1) and
(2) above with N = 1. Moreover the moduli space is homeomorphic to S1.
If α ∈ pi2(M) is non zero, then there is a free S1 action on M[(Mi, ωi, Ji)].
In particular in the case of CP∞, the moduli space is S1-freely cobordant
to non zero.
Let us apply the above framework to Hamiltonian dynamics over M =
∪i≥0 Mi. Let f : M → R be a smooth and bounded function which we
call a bounded Hamiltonian function. We introduce three classes on such
functions as pre-admissiblity, properness and connectedness (definition 4.1).
The first condition is necessary for analysis of moduli spaces. The second one
is to induce a Hamiltonian diffeomorphism on M which is an R∞ manifold
rather than Hilbert one. The third one is to construct an action functional
invariant.
Definition 1.2. Let M be a class of diffeomorphisms on M , and let F :
M ∼= M be an infinitely cyclic diffeomorphism.
It is stably infinite cyclic in M, if there is a neighborhood N of F in M
such that any element G ∈ N is also infinitely cyclic.
A simple example of an unstably infinite cyclic diffeomorphism is an ir-
rational rotation on the circle.
For our study on stability of infinite cyclicity of a Hamiltonian diffeo-
morphism, we use S1 equivariant moduli theory of holomorphic curves into
M = ∪i Mi.
Theorem 1.3. Let [(Mi, ωi, Ji)] be an almost Ka¨hler sequence with finite
diameter of M .
Assume that M[(Mi, ωi, Ji)] is non empty, regular, compact and S
1-freely
cobordant to non zero with respect to a minimal class in pi2(M).
Let F : M ∼= M be the non trivial Hamiltonian diffeomorphism induced
from a bounded Hamiltonian function f which is pre-admissible, proper and
2-connected.
Then F is stably infinite cyclic in the set of Hamiltonian diffeomorphisms.
Let us take u ∈ M[(Mi, ωi, Ji)], and U(u) be an open neighborhood of
u ∈ B ≡ ∪i Bi. Any element in U(u) is locally modelled on maps from R2
into R2∞ passing through local charts. By use of the embedding into Hilbert
space R2∞ ⊂ H, one can introduce Sobolev spaces and take completion to
a Hilbert manifold Uˆ(u). Then let us put:
Mˆ[(Mi, ωi, Ji)] = ∪u∈M[(Mi,ωi,Ji)] { v ∈ Uˆ(u) : ∂¯J(v) = 0 }.
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If Mˆ[(Mi, ωi, Ji)]\M[(Mi, ωi, Ji)] could be non empty, then one can find some
sequence ui ∈ Bi which do not converge, but satisfy:
lim
i→∞
||∂¯i(ui)|| = 0.
Actually we verify that such phenomenon cannot happen under some con-
ditions.
Definition 1.4. Let D be a subset with M[(Mi, ωi, Ji)] ⊂ D ⊂ B.
It is properly compact over M[(Mi, ωi, Ji)], if any subset {uk}k ⊂ D
with limk→∞ ||∂¯J(uk)|| = 0 admits a subsequence which converges to some
element in M[(Mi, ωi, Ji)].
Let [(Mi, ωi, Ji)] be an almost Ka¨hler sequence. Let us consider a bounded
Hamiltonian f : M → [0,∞) with the restrictions fi = f |Mi. Then we
construct a family of functionals Fi : Bi → Ei from fi, and the (possibly
non compact) cobordisms:
Ci = { (u, λ) : ∂¯i(u) + λFi(u) = 0 } ⊂ Bi × [0,∞)
with ∂Ci = M(Mi, ωi, Ji).
It turns out that there is a bound Ci ⊂ Bi× [0, δ0] for some δ0 ≥ 0 which
is given by some topological number and is independent of i.
Let us put:
D = {u : (u, λ) ∈ Ci for some i and λ} ⊂ B
with Ci(λ) = { u : (u, λ) ∈ Ci } and Ci(0 ≤ λ < λ0) = ∪0≤λ<λ0 C(λ).
We verify the following product structure:
Theorem 1.5. Let [(Mi, ωi, Ji)] be an isotropic, quasi transitive and Ka¨hler
sequence. Suppose that the moduli space M[(Mi, ωi, Ji)] is non empty, finite
dimensional and regular with respect to a minimal class.
If a bounded Hamiltonian f is proper and pre-admissible, then the corre-
sponding D is properly compact.
In fact there is a positive λ0 > 0 so that the homeomorphisms:
Ci(0 ≤ λ < λ0) ∼= M(M0, ω0, J0)× [0, λ0)
hold for all sufficiently large i.
In particular under the above conditions, each slice Ci(µ) is homeomorphic
to a compact space M(M0, ω0, J0)× {µ} for 0 ≤ µ < λ0. In order to obtain
such uniform product structure, we use regularity of the moduli space and
apply the implicit function theorem. So in a general situation, it would be
too much to expect to obtain some positive λ0 > 0 with the property.
On the other hand non compactness of Ci plays the essential role in the
proof of theorem 1.3.
Motivated by these phenomena, we introduce a numerical invariant of the
cobordism:
Cob(f) = lim inf
i
sup
λ≥0
{ λ : Ci(µ) are non empty
and compact for all 0 ≤ µ ≤ λ}.
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Let us introduce an asymptotic growth invariant of Hamiltonian diffeo-
morphisms. Let f : M → [0,∞) be a bounded Hamiltonian and fl : Ml ∼=
Ml be the restrictions. Then we obtain the Hamiltonian diffeomorphisms
Fl : Ml ∼= Ml.
Let us introduce:
As(f) ≡ lim inf
m
lim inf
l
1
m
||d(Fl)m||C0(Ml).
These two invariants focus on different natures on functions. We induce a
new inequality. Let us fix subsets N0, N∞, U ⊂ M in pre-admissibility and
connectedness for f .
Theorem 1.6. Let [(Mi, ωi, Ji)] be an isotropic, quasi transitive and Ka¨hler
sequence with finite diameter. Assume that M[(Mi, ωi, Ji)] is non empty,
regular, and S1-freely cobordant to non zero with respect to a minimal class.
Then there is a constant C ≥ 0 determined by [(Mi, ωi, Ji)] and (N0, N∞, U)
so that a uniform positivity:
C ≤ Cob (f) As(f)
holds for any non trivial bounded Hamiltonian function f which is pre-
admissible, proper and 2-connected.
Roughly speaking this estimate saids that if f is more ‘complicated’ so
that Cob(f) becomes smaller, then the norms of the derivatives of the
iterations should be bigger.
Let us describe a possible further research direction. Actually it is our
original motivation.
The infinite projective space CP∞ equipped with the homogeneous co-
ordinate [z0, z1, . . . ] is Ka¨hler with the Fubini-Study metric. We can apply
moduli theory over almost Ka¨hler sequences as above, since it satisfies all
analytic conditions appeared in this paper.
Our motivation of this study arose from construction of continuous de-
formation of discrete groups. Even though CP∞ is a particular space, one
can immediately see that its automorphism group Aut CP∞ preserving the
Ka¨hler structure is quite rich. It contains any discrete group Γ acting on a
tree as a subgroup:
Γ ⊂ Aut CP∞.
The construction is quite simple. Let V be the set of vertices on T , and
assign indices arbitrarily to all the elements as V = {v0, v1, . . . }. Then the
action g ∈ Γ on T induces an element in Aut CP∞ by:
[z0, z1, . . . ]→ [ze(g(v0)), ze(g(v1)), . . . ]
where e(vi) = i. Even though this element of course depends on choice
of the assignment, it turns out that the embedding of the group Γ above
is canonical up to conjugacy. Such direction of study has been already
developed in [G3].
Study on infinite groups acting on trees is an important branch in infinite
group theory, presented by Bass-Serre theory [Se] and theory of automata
groups. An automata group is finitely generated and constructed from a
6 TSUYOSHI KATO
Mealy automaton, which act on a rooted tree. It has been known that au-
tomata groups contain important classes of finitely generated groups. Partic-
ular instances are given by intermediate growth groups which gave a counter
example to the Milnor’s conjecture [Gri2], construction of finitely generated
infinite torsion groups which solved the Burnside problem [Al], [Gri1], and
finitely generated groups with non-uniform growth functions [W].
Hamiltonian deformation of finitely generated groups acting on trees gives
an interplay between infinite group theory and symplectic geometry. Let F :
CP∞ ∼= CP∞ be a Hamiltonian diffeomorphism, and consider deformation
of an automorphism g by:
g′ = F ◦ g : CP∞ ∼= CP∞.
An automata group Γ admits a canonical generating set by their states
S = {s1, . . . , sl} so that one obtains the group deformation of Γ:
Γ′ = gen {F ◦ s1, . . . , F ◦ sl} ⊂ Diff CP∞.
Automata groups with small states have been classified [GNS] (see [GZ]),
where many finite groups appear in the class. One may ask whether there
could exist a Hamiltonian deformation which preserves finiteness, or more
interestingly which produces infinite torsion groups. An immediate answer
to the former is given just by a Hamiltonian rotation.
2. Almost Ka¨hler sequences
2.1. Stratified local charts. Let us introduce notations of basic open sub-
sets. For positive  > 0, let:
D2k() ⊂ R2k
be  ball with the center 0. We denote the 2i dimensional  cube:
Di = D
2()× · · · ×D2()
by multiplication of D2() by i times. There are canonical embeddings:
Di = Di × {0} ⊂ Di+1
for all i ≥ 1. Let us put the infinite dimensional cube and disk by:
D∞ ≡ ∪i≥1 Di, D() ≡ ∪k≥1 D2k() ⊂ R∞
respectively. Notice diam D∞ =∞.
2.1.1. Various norms. Let H be the separable Hilbert space which is ob-
tained by the completion of R∞ with the standard metric on it. For p =
(p0, p1, . . . ) ∈ R∞, let us denote by D∞(p) ≡ D∞+p and D()(p) ≡ D()+p
as the infinite dimensional cube and disk with the center p respectively. We
denote the metric completion by:
D¯∞(p), D¯()(p) ⊂ H.
A neighborhood of p ∈ R∞ is an open subset p ∈ B ⊂ R∞ so that B contains
some ball D(δ)(p′) at any p′ ∈ B, where δ > 0 depends on p′.
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Let p ∈ B ⊂ R∞ be an open subset, and denote its closure by B¯ ⊂ H.
Let us consider a smooth and bounded function f : B 7→ R. We will regard
the derivatives of f at p as the linear operators:
∇f : TpR∞ ≡ ∪k≥1 TpR2k 7→ R,
∇2f : (TpR∞)⊗2 7→ R,
. . .
where ∇2(f)(v, w) = ∂2∂s∂tf(p+ sv + tw)|s=t=0.
For l ≥ 0, let us denote the operator norms by |∇lf |(p), if it extends to a
bounded linear functional:
∇lf : (TpH)⊗l 7→ R.
Definition 2.1. Let B ⊂ R∞ be an open subset, and f : B → R be a
function.
f is of completely Ck bounded geometry at p = (p0, p1, . . . ) ∈ B, if there
is another open subset p ∈ B′ ⊂ B such that:
(1) f |B′ extends to a continuous function f : B¯′ → R,
(2) each differential extends continuously:
∇lf : TpH 7→ R
for all 0 ≤ l ≤ k (hence |∇lf |(p) <∞ hold for all l).
We say f is of completely Ck bounded geometry, if it is at any point
p ∈ B and satisfies uniformity:
||f ||2Ck(B) ≡ sup
p∈B
∑
0≤l≤k
|∇lf |2(p) < ∞.
C∞ completely bounded geometry is just said as completely bounded geom-
etry.
A pointwise operator D on functions over B is of completely bounded
geometry at p ∈ B, if D extends to a smooth operator over C∞(B′) for
some p ∈ B′ ⊂ B.
It is said just as completely bounded geometry, if it is at each p ∈ B so
that the followings are satisfied:
(1) There is a constant C with:
D : C0(B) 7→ C0(B), |Df |(p) ≤ C|f |(p), p ∈ B.
We denote its pointwise operator norm by ||D||(p).
(2) For all k, the following norms are all finite:
||D||2Ck(B) ≡ sup
p∈B
∑
0≤l≤k
||∇lD||2(p) < ∞.
D is a complete isomorphism, if it is of completely of bounded geometry.
Moreover there are constants 0 < c < c′ so that the uniform bounds hold
for each p ∈ B:
c ≤ ||D||C0(B) ≤ c′.
Lemma 2.2. If D gives a complete isomorphism, then D−1 is also the same.
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Proof. The identityD◦D−1 is completely of bounded geometry, since∇( id ) =
0 holds. Then it follows from the equality 0 = ∇(D ◦D−1) = ∇(D) ◦D−1 +
D ◦ ∇(D−1) that we have the the estimate:
||∇(D−1)||C0(B) = ||D−1 ◦ ∇(D) ◦D−1||C0(B)
≤ ||D−1||C0(B)||∇(D)||C0(B)||D−1||C0(B)
≤ c−1c′||∇(D)||C0(B).
We can obtain similar estimates on higher derivatives. q.e.d.
For pointwisely bilinear forms, one has a parallel notion of complete non-
degeneracy. Later we will always treat almost Ka¨hler sequences whose al-
most complex structures, symplectic structures or the induced Riemannian
metrics are all completely nondegenerate.
Example 2.3. Let D2 ⊂ R2 be the standard ball with the center 0, and
consider smooth functions g, h : D2 7→ [0, 1] where:
g(x) = exp(− |x|
2
1− |x|2 ), h(x) = exp(−
|x|
1− |x|).
Let us prepare infinite copies of g and h, and let us assign indices as gi, hi :
D2i 7→ [0, 1] to distinguish them from each other. Consider functions over
D∞ = D20 ×D21 × . . . :
G = g0g1g2 . . . , H = h0h1h2 . . .
by the pointwise multiplication. Both G and H are smooth on D∞. Then
G is of completely bounded geometry on the unit ball with the center zero,
and H is not at any point. Actually H is not even continuous on D¯∞.
For example let us choose a point p ∈ D¯∞ with:
||p||2L2 ≡
∞∑
i=0
|pi|2 <∞, ||p||L1 ≡
∞∑
i=0
|pi| =∞.
Then clearly H(p) = 0, but H(0) = 1.
Remark 2.4. Let D : C0(B,H) 7→ C0(B,H) be a pointwise linear functional,
and assume it gives a complete isomorphism. Then its inverse also gives a
complete isomorphism. This is verified by the same way as lemma 2.2.
2.1.2. Local charts. Let
(M0, g0) ⊂ (M1, g1) ⊂ . . .
be embeddings of Riemannian manifolds with dimMi = 2di, and assume
the compatibility condition:
gi+1|Mi = gi.
We will denote such families by [(Mi, gi)]. For p, q ∈Mi, let us denote their
distance in M ≡ ∪i≥0 Mi by:
d(p, q) ≡ inf
j≥i
dj(p, q).
We denote  tublar neighborhood of Mi by U(Mi) ⊂M :
U(Mi) = { m ∈M : d(m,Mi) <  }.
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Recall D2i() ⊂ R2i and D¯() ⊂ H in 2.1.1. Below we regard the Rie-
mannian metric g = {gi}i as the pointwise operator over its local charts
TpD() = ∪i≥0 TpD2i() for p ∈ D. If g is of completely bounded geometry,
then one can extend it to an operator on the Hilbert bundle TD¯ = unionsqp∈DTpD¯.
Let Di() ⊂ Di+1() ⊂ · · · ⊂ R∞ be the embeddings of  disks.
Definition 2.5. A Riemannian family {gi}i is uniformly bounded, if there
exists positive  > 0 such that the following properties hold.
(1) Every point p ∈M ≡ ∪i≥0 Mi admits a stratified local chart:
ϕ(p) : D() ≡ ∪i Di() ↪→M,
ϕ(p)i ≡ ϕ(p)|Dei() 7→Mi
with ϕ(p)(0) = p and ei = dimMi.
(2) With respect to ϕ(p), the induced Riemannian metric g = {gi}i is
of completely bounded geometry so that for each l > 0, there is a constant
C(l) ≥ 0 independent of p such that the estimate holds:
sup
p∈M
sup
m∈D()
∑
0≤k≤l
|∇k(ϕ(p)∗g)|(m) ≤ C(l) (∗)
(3) There is an increasing and proper function h : (0,∞) → (0,∞) so
that the uniformly bounded distance property:
d(p, q) ≥ h(di(p, q))
holds for any i and p, q ∈ Mi, where di and d are the distances on Mi and
on M respectively.
We say that the stratified local chart as above is a complete local chart.
Also the above family {(p, ϕ(p))} is called a uniformly bounded covering.
Later on uniform implies independence of choice of points as above.
Let f : M = ∪i≥0 Mi 7→ R be a bounded function and:
ϕ(p)∗(f) : D()→ R
be a family of the induced functions with respect to a uniformly bounded
covering. We say that f is of completely Ck-bounded geometry, if they satisfy
the estimate:
||f ||Ck(M) ≡ sup
p∈M
||ϕ(p)∗(f)||Ck(D()) ≤ Ck
for some constants Ck which are independent of p ∈M .
It is just of completely bounded geometry, if it is completely of Ck-
bounded geometry for all k = 0, 1, 2 . . .
Lemma 2.6. Let [(Mi, gi)] be a uniformly bounded Riemannian family with
{(p, ϕ(p))} and  > 0 as above. Then the exponential map:
expp : D¯(
′) 7→ D¯()
exists and is smooth for some ′ > 0, with respect to the induced Riamannian
metrics ϕ(p)∗(g).
Proof. For a proof, see [Kl] (p57, p72). Notice that the geodesic coordinate
does not preserve the stratifications in general. q.e.d.
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Let fn, g : M → R be a family of bounded functions for n = 0, 1, 2, . . . .
We say that {fn}n converges weakly to g in C l, if the restrictions:
fn|Mk → g|Mk
converge in C l for all k = 0, 1, 2, . . . .
Lemma 2.7. Let [(Mi, gi)] be a uniformly bounded Riemannian family such
that each Mk is compact. Let fn : M → R be a family of functions such that
C l+1 norms are uniformly bounded:
||fn||Cl+1(M) ≤ C(l + 1)
for n = 0, 1, 2, . . .
Then a subsequence fnj weakly converges in C
l to a function g : M → R
of completely C l-bounded geometry.
Proof. By the condition, the restrictions {fn|Mk}n satisfy uniformity of C l+1
norms ||fn||Cl+1(Mk) ≤ C(l + 1).
It follows from Rellich lemma that there is some C l function g1 : M1 → R
so that a subsequence {fn(i)|M1}i converges to g1 in C l(M1).
By the same way there is some C l function g2 : M2 → R so that a
subsequence {fn(i,2)|M2}i converges to g2 in C l(M2) for another subsequence
{n(i, 2)}i ⊂ {n(i)}i. Clearly g2|M1 = g1 holds.
By choosing subsequences successively, {fn(i,k)|Mk}i converge to some C l
function gk : Mk → R with gk|Mk−1 = gk−1. These satisfy uniformity of C l
norms ||gk||Cl(Mk) ≤ c <∞.
Let g : M → R be a function defined by g|Mk ≡ gk. Then the subsequence
{fn(i,i)}i converges weakly to g in C l. q.e.d.
2.2. Almost Ka¨hler sequence. Let (M,ω, J) be a finite dimensional sym-
plectic manifold equipped with a compatible almost complex structure so
that:
g( , ) = ω( , J )
gives a Riemannian metric on M . Such a manifold is called an almost Ka¨hler
manifold.
Let (M0, ω0, J0) ⊂ (M1, ω1, J1) ⊂ · · · ⊂ (Mi, ωi, Ji) ⊂ . . . be infinite
embeddings of almost Ka¨hler manifolds. If one denotes the inclusion by
I(i) : Mi ↪→Mi+1, then it implies that {I(i)}i gives a family of holomorphic
embeddings:
Ji+1 ◦ I(i)∗ = I(i)∗ ◦ Ji
and the symplectic forms are given by the restrictions as:
I(i)∗(ωi+1) = ωi.
Suppose dimMk = 2dk, and let U(Mi) ⊂ M ≡ ∪jMj be  tubular
neighborhoods of Mi. Let:
p˜ik : D() = ∪j≥1 D2j()→ D2dk()
be the standard projections.
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Definition 2.8. An almost Ka¨hler sequence [(Mi, ωi, Ji)] consists of a family
of embeddings by almost Ka¨hler manifolds:
(M0, ω0, J0) ⊂ (M1, ω1, J1) ⊂ · · · ⊂ (Mi, ωi, Ji) ⊂ . . .
and a positive  > 0 so that it admits  uniformly bounded coverings {(p, ϕ(p))}
at all p ∈M , which satisfy the followings:
(1) ϕ(p)∗(ω) and ϕ(p)∗(J) are both uniformly of completely nondegenerate
on D().
(2) The induced symplectic form is standard at p:
ϕ(p)∗(ω)|p =
√−1
2
∞∑
i=0
dwi ∧ dw¯i
where (w1, . . . , wi) are the coordinates on D
2i() ⊂ Ci.
(3) There are families of holomorphic maps:
pik : U(Mk) 7→Mk
such that the compatibility condition:
pik|Mk = id , pik(ϕ(p)(x)) = ϕ(p)(p˜ik(x))
holds at any p ∈Mk and any x ∈ D().
A complete local chart with the properties (1)(2)(3) above, is called a
complete almost Ka¨hler chart.
An almost Ka¨hler data {(ωi, Ji)} gives a uniformly bounded and com-
patible family of Riemannian metrics on {Mi}i. Notice that the equalities
< v, u >=< (pik)∗(v), u > hold for u ∈ TpMk and v ∈ TpU(Mk) with respect
to the induced Riemannian metric.
Later on, we fix a uniformly bounded covering by complete almost Ka¨hler
charts.
We say that [(Mi, ωi, Ji)] is a Ka¨hler sequence, if it is an almost Ka¨hler
sequence consisted by a uniformly bounded covering by holomorphic com-
plete Ka¨hler charts ϕ(p) at all points p, where we equip with the standard
complex structure on D() (see [GH] p107).
Let f : M = ∪i≥0 Mi → R be a bounded function on an almost Ka¨hler
sequence. We say that f is a bounded Hamiltonian function, if it is of
completely bounded geometry.
Let (M,ω) be a finite dimensional symplectic manifold. The following
facts are well known ([G1]):
(1) there exist compatible almost complex structures, and
(2) the space of compatible almost complex structures is contractible.
In our infinite dimensional situation, the condition (1) depends on the
spaces, but the same thing holds for (2).
Lemma 2.9. Let [(Mi, ωi)] be a symplectic sequence. Suppose there exists
a family of compatible almost complex structures {Ji}i so that [(Mi, ωi, Ji)]
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consists of an almost Ka¨hler sequence with respect to a uniformly bounded
covering {(p, ϕ(p))}. Then the space of such family:
J([(Mi, ωi)]) ={ {J ′i}i : [(Mi, ωi, J ′i)] :
almost Ka¨hler sequence with respect to {(p, ϕ(p))} }
is contractible.
Proof. We follow a well known argument in the finite dimensional case.
Let us choose a reference family of almost complex structures {J0i }i. Take
another one {J1i }i. Let us connect these by a compatible family of almost
complex structures {J ti }i, t ∈ [0, 1]. For α = 0 or 1, let us put hαi ( , ) =
ωi( , J
α
i ). Then {hαi }i gives a family of Riemannian metrics. Moreover
each Jαi is uniquely determined by h
α
i . Let us consider a smooth family of
Riemannian metrics:
hti = h
0
i + t(h
1
i − h0i ).
For each i, there exists a unique and smooth family of compatible almost
complex structures J ti , t ∈ [0, 1] satisfying hti( , ) = ωi( , J ti ).
Let us choose a complete almost Ka¨hler chart at p ∈Mi ⊂Mi+1:
ωi =
∑
j≤i
dpj ∧ dqj , ωi+1 =
∑
j≤i+1
dpj ∧ dqj at p
and denote the local projections by pi′i : D
2di+1() 7→ D2di(). Let us check
the compatibility condition J ti+1 ◦ pi′i = pi′i ◦ J ti at p and for each t. Let us
take vi ∈ TpMi. Then:
ωi+1( , J
t
i+1vi) = h
0
i+1( , vi) + t(h
1
i+1( , vi)− h0i+1( , vi))
= ωi+1( , J
0
i+1vi) + t{ωi+1( , J1i+1vi)− ωi+1( , J0i+1vi)}
= ωi+1( , J
0
i vi) + t{ωi+1( , J1i vi)− ωi+1( , J0i vi)}
= ωi+1( , J
t
i vi)
= ωi(pi
′
i , J
0
i vi) + t{ωi(pi′i , J1i vi)− ωi(pi′i , J0i vi)}
= ωi(pi
′
i , J
t
i vi).
The fourth equality implies the the compatibility condition.
Moreover the following equalities hold from the equality between the first
and the last above:
ωi(pi
′
iJ
t
i+1(w), J
t
ipi
′
i(v)) = ωi+1(J
t
i+1(w), J
t
i+1pi
′
i(v))
= ωi+1(w, pi
′
i(v)) = ωi(pi
′
i(w), pi
′
i(v)) = ωi(J
t
i (pi
′
i(w)), J
t
i (pi
′
i(v))).
This implies the equality:
pi′i ◦ J ti+1 = J ti ◦ pi′i
and so pi′i is holomorphic with respect to J
t. q.e.d.
2.2.1. Embeddings of almost Ka¨hler sequences. Let [(Mi, ωi, Ji)] be an al-
most Ka¨hler sequence equipped with complete local charts ϕ(p) : D() =
∪s≥1D2s() ↪→ im ϕ(p) ⊂M for all p ∈M .
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Let us say that [(M ′i , ω
′
i, J
′
i)] is formally embeddable into [(Mi, ωi, Ji)],
if there are subindices {k(i)}i and compatible embeddings between almost
Ka¨hler manifolds:
Ii : (M
′
i , ω
′
i, J
′
i) ↪→ (Mk(i), ωk(i), Jk(i)).
Example 2.10. (1) Let us fix p ≥ 1 and consider the canonical embeddings of
the Grassmannians Grp,q ↪→ Grp,q+1 which embed each p plane L ⊂ Cp+q ⊂
Cp+q+1. These admit the canonical and compatible Ka¨hler forms, and the
direct limits Grp ≡ limq→∞Grp,q consiste of the Ka¨hler sequences.
Let us consider the Plu¨cker embedding Grp,q ↪→ CPN , where N =
N(p, q) =
(
p+ q
p
)
− 1, which associate each p plane L ⊂ Cp+q and its
basis {v1, . . . , vp} to the complex line [v1 ∧ · · · ∧ vp] ∈ CPN .
It is well known that these embeddings preserve the canonical Ka¨hler
forms, and so they give the formal embedding of the Ka¨hler sequences:
I : [Grp,q] ↪→ [CPn]
where (Mi, ωi, Ji) = Grp,i and (M
′
i , ω
′
i, J
′
i) = CP
i with k(i) = N(p, i).
Moreover the Schubert calculus verifies the isomorphisms:
I∗ : H2(Grp,q;Z) ∼= H2(CPN ;Z) ∼= Z.
(2) Let us consider the Veronese maps defined as follows. Let us introduce
the lexicographic order for two indices (i0, . . . , in) and (j0, . . . , jp).
Let us fix m ∈ {1, 2, . . . }, and take CPn with the homogeneous coordinate
[z0, . . . , zn]. For N =
(
n+m
m
)
− 1, we define the Veronese map:
vm : CP
n ↪→ CPN ,
vm([z0, . . . , zn]) = {zi00 , . . . zinn :
n∑
l=0
il = m}.
With n1 = 1, let us define numbers inductively by ni+1 =
(
ni +m
m
)
−1.
Now we have two different embeddings:
CPni ⊂v CPni+1 , CPni ⊂ CPni+1
where the first is the given by the Veronese map and the second is by the
canonical embedding.
Lemma 2.11. The following diagram commutes:
CPni ⊂v CPni+1
∩ ∩
CPni+1 ⊂v CPni+2
Proof. This follows since we have used the lexicographic order for the coor-
dinates. q.e.d.
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Corollary 2.12. There is a canonical embeddings of CP∞ to itself:
vm : CP
∞ ⊂v CP∞
of degree m, so that the restrictions are given by the Veronese maps.
Remark 2.13. We have the Veronese sequence by the embeddings by the
iterations of the Veronese maps:
CPn1 ⊂v CPn2 ⊂v · · · ⊂v CPnl ⊂ · · · ⊂ V ≡ ∪iCPni .
This is not Ka¨hler sequence, since the degree grows unboundedly in the total
space. Study of this embeddings will require much harder analysis.
2.3. Symmetric almost Ka¨hler sequence. Let us introduce geometric
classes of almost Ka¨hler sequences. Their symmetric properties allow us to
analyze global structure of holomorphic maps.
Recall the family of holomorphic maps pik : U(Mk) 7→ Mk in definition
2.8.
Definition 2.14. An almost Ka¨hler sequence [(Mi, ωi, Ji)] is symmetric, if
for each k ≥ 0 the followings hold:
(1) For each i ≥ k + 1, there are families of almost Ka¨hler submanifolds:
Mk ⊂Wi ⊂Mi
with Wk+1 = Mk+1, and isomorphisms which preserve Mk:
Pi : {(M,Mk), ω, J} ∼= {(M,Mk), ω, J}.
(2) Pi transform Wi to Mk+1 as:
Pi : (Wi, ωi|Wi, Ji|Wi) ∼= (Mk+1, ωk+1, Jk+1)
such that at any p ∈Mk:
Dk : TMk ⊕i≥l Ni,k ∼= TM |Mk
gives a complete isomorphism over Mk (see lemma 2.2), where:
Ni,k = (P
−1
i )∗[ ( Ker (pik)∗ ∩ TMk+1)|Mk) ]
Dk = id ⊕ (Pk+1)∗ ⊕ (Pk+2)∗ ⊕ . . .
If all these properties hold by use of complex structure, then we say that
it is a symmetric Ka¨hler sequence.
Suppose [(Mi, ωi, Ji)] is a symmetric Ka¨hler sequence. It is isotropic, if
there are families of parametrized isomorphisms for each 0 ≤ t ≤ 1:
P ti : {(M,Mk), ω, J} ∼= {(M,Mk), ω, J}
with:
P 0i ≡ id , P 1i = Pi.
Example 2.15. (1) Let (X,ω, J) and (Y, τ, I) be two almost Ka¨hler manifolds,
and choose a base point y0 ∈ Y . Let us consider the products:
(X × Y1 × Y2 × . . . , ω + τ1 + τ2 + . . . , J ⊕ I1 ⊕ I2 ⊕ . . . )
where all (Yi, τi, Ii) are the same (Y, τ, I), and we embed X×Y1 ⊂ X×Y1×Y2
by identifying X × Y = X × Y × {y0} and similar for others.
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The infinite product sequence admits symmetric structure by choosing:
Mk = X × Y1 × · · · × Yk, Wi = Mk × {y0} × · · · × {y0} × Yi.
Pi are given by the obvious exchange of the coordinates.
(2) Let M be a complex manifold, and take any holomorphic curve u :
CP1 7→M . Then the holomorphic vector bundle u∗(TM) 7→ CP1 splits as
the direct sum of holomorphic line bundles. This fact can be regarded as
‘infinitesimal symmetric property’ (see [OSS]).
(3) The infinite complex projective space:
[(CPi, ωi)] = CP
1 ⊂ CP2 ⊂ · · · ⊂ CPn ⊂ · · · ⊂ CP∞
with the Fubini Study form is an isotropic symmetric Ka¨hler sequence, and
we denote it by CP∞ ≡ ∪i≥1 CPi. There are standard charts Ci ⊂ CPi
and ωi can be expressed as:
ωi|Ci =
√−1
2
[ ∑
l dwl ∧ dw¯l
(1 + ww¯)
− (
∑
l w¯ldwl) ∧ (
∑
l wldw¯l)
(1 + ww¯)2
]
where w = (w1, . . . , wi) are the coordinates on Ci. The family {ωi ≡ ω|D2i}i
is completely non degenerate, where D2i ⊂ Ci are the unit balls. In order
to obtain another charts at any p ∈ CPi, one can use any constant unitary
matrix U ∈Mati+1(C) with U([1, 0, . . . , 0]) = p ∈ CPi.
Let U(CP
k) ⊂ CP∞ be  tublar neighborhood. Then there are natural
projections pik : U(CP
k) 7→ CPk:
pik([z0, . . . , zk, zk+1, . . . ]) = [z0, . . . , zk, 0, . . . ].
Let us put Mk = CP
k and Wi by:
Wi = {[z0 : · · · : zk : 0 · · · : 0 : zi : 0 : 0 : . . . ] ∈ CP∞}
for all i ≥ k + 1 with Mk+1 = CPk+1. Pi : Wi ∼= CPk+1 are given just by
exchange of the coordinates:
[z0 : · · · : zk : 0 : · · · : 0 : zi : 0 . . . ]→ [z0 : · · · : zk : zi : 0 : . . . ].
This is isotropic, by putting:
P ti ([z0 : · · · :zk : . . . ]) = [z0 : · · · : zk : cos
pit
2
zk+1 + sin
pit
2
zi :
zk+2 : · · · : zi−1 : − sin pit
2
zk+1 + cos
pit
2
zi : zi+1 : . . . ].
(4) There are several variants. For example one can change C by H. For
others, let us consider the Grassmannians:
Grr,n(C) = {H ⊂ Cr+n ; H : r dimensional C vector subspaces }.
One can canonically embed as H ⊂ Cr+n+1, and by taking the direct limit,
one obtains the Ka¨hler sequence Grr(C) = limn→∞Grr,n(C) equipped with
the standard Ka¨hler structure.
This space also admits isotropic and symmetric structure. Let us put:
Ck,i = {(z1, . . . , zk, 0, . . . , 0, zk+i) : zj ∈ C} ⊂ Ck+i
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and choose Mk = Grr,k and Wi ≡ W rk,i are consisted by all elements of the
form:
W rk,i = {H ⊂ Ck+r,i ; H : r dimensional C vector subspaces }.
The required isomorphisms and isotropies can be obtained by the same way
as (3).
Lemma 2.16. Let [(Mi, ωi, Ji)] be a symmetric almost Ka¨hler sequence.
Then there is a bundle N → Mk so that a uniformly complete isomor-
phism:
TM |Mk ∼= TMk ⊕ (N ⊗ R∞)
exists with respect to a uniformly bounded covering on M .
Proof. Let us put:
N = ( Ker (pik)∗ ∩ TMk+1)|Mk.
There is a holomorphic isomorphism TMk+1|Mk ∼= TMk⊕N . Then the con-
clusion follows by use of the family of isomorphisms of the tangent bundles
for al i ≥ k + 1:
TMk ⊕N ∼= TWi|Mk, (v, w)→ (v, (P−1i )∗(w)).
q.e.d.
2.3.1. Quasi transitivity. Let [(Mi, ωi, Ji)] be an almost Ka¨hler sequence.
We say [(Mi, ωi, Ji)] is quasi transitive, if for any N > 0, there is k = k(N)
such that for any points p0, . . . , pN−1 ∈M ≡ ∪i≥0 Mi, there is an automor-
phism of the almost Ka¨hler sequence A : ((M,M0), ω, J) ∼= ((M,M0), ω, J)
which preserves M0 and:
A(pi) ∈Mk
hold for all 0 ≤ i ≤ N − 1.
Lemma 2.17. The infinite projective space [(CPi, ωi, Ji)] is quasi transitive.
Proof. Let us construct automorphisms Ai : (CP∞,CPli) ∼= (CP∞,CPli)
inductively so that they satisfy the followings:
Ai(pi) ∈ CPli , Ai|CPlj = id
for all j < i.
Let us embed CP∞ ↪→ CP∞ by [z0, z1, . . . ] → [0, 0, z0, z1, . . . ]. Then
diag (1, 1, A) is the required automorphism which preserves CP1, where
A ≡ AN−1 ◦AN−2 ◦ · · · ◦A0 with k = lN−1.
Let us choose any p0 = [z0, z1, . . . ] ∈ CPL ⊂ CP∞. Firstly let us move
p0 to [1, 0, 0, . . . ] by a unitary automorphism A
0 ∈ U(L+ 1) ⊂ Aut CP∞.
Let us consider u1 = A
0(p1) ∈ CP∞. We put A1 = id, if u1 ∈ CP1.
Suppose u1 = [u
0
1, u
1
1, . . . ] 6∈ CP1. Then (u11, u21, . . . ) is non zero and so
defines an element in CP∞. Let us choose another unitary automorphism
T1 with T1([u
1
1, u
2
1, . . . ]) = [1, 0, . . . ]. Then we put A
1 = diag (1, T1).
Let us consider u2 = A
1 ◦A0(p2) ∈ CP∞. We put A2 = id, if u2 ∈ CP2.
Suppose u2 = [u
0
2, u
1
2, . . . ] 6∈ CP2. Then (u22, u32, . . . ) defines an element
in CP∞. By another unitary automorphism T2 with T2([u22, u32, . . . ]) =
[1, 0, . . . ] Then we put A2 = diag (1, 1, T2).
By the same way one can inductively construct A3, . . . , AN−1. q.e.d.
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A similar argument can be used to verify that the infinite Grassmannians
GrN (C) = limL→∞GrN,L also satisfy quasi transitivity.
2.3.2. Minimality. Let [(Mi, ωi, Ji)] be an almost Ka¨hler sequence. Let us
introduce its invariant ([HV]):
m([(Mi,ωi, Ji)]) = inf{ < ω, u >;
u : S2 7→M ≡ ∪i≥0 Mi : non constant holomorphic curves }.
By restriction to the symplectic sequence, one obtains another invariant:
m([(Mi, ωi)]) = infα{ < ω,α > > 0 : α : S2 7→ ∪iMi }.
We say [(Mi, ωi, Ji)] is minimal, if both the equality and positivity hold:
m([(Mi, ωi)]) = m([(Mi, ωi, Ji)]) > 0.
Later on we assume that a minimal class can be represented as a map
α : S2 → M0. Actually in our arguments later, we can just shift indices of
stratification of manifolds so that this condition is satisfied.
Example 2.18. (1) Notice that if [(Mi, ωi, Ji)] satisfies pi2(∪iMi)/ Tor ∼=
Z of rank 1, then minimality is equivalent to existence of non constant
holomorphic curves representing a generator of ∈ pi2/ Tor.
The Fubini Study form on CPn with the standard complex structure gives
pi2 rank one minimal data (ω, J) with m = pi.
(2) Let (CP1, ω, J) be the standard curve and [(Mi, ωi, Ji)] be minimal.
Then the product [((Mi ×CP1, ωi + ω, Ji ⊕ J)] is also minimal.
(3) Suppose [(Mi, ωi, Ji)] is algebraic with each ωi ∈ H2(Mi;Z). Then it is
minimal, if any generating elements in H2(M ;Z) can be represented by some
holomorphic curves. In particular it is the case when it is simply connected,
algebraic, and any generating elements in pi2(M) can be represented by some
holomorphic curves.
3. Moduli spaces of holomorphic curves
We study theory of holomorphic curves into almost Ka¨hler sequences. In
particular we develop analytic tools to construct finite dimensional moduli
spaces over sequences which satisfy some symmetric properties.
3.1. Finite dimensional preliminaries. We recall basic materials on mod-
uli theory of holomorphic curves into finite dimensional symplectic mani-
folds. Most of the contents have appeared in [HV]. Based on the finite
dimensional setting, we formulate Sobolev spaces over the infinite dimen-
sional spaces M = ∪i≥0 Mi.
CP1 has particular points 0,∞ ∈ CP1, and let 0 ∈ D(1) ⊂ S2 = CP1 be
the hemisphere. We choose and fix the following data:
• a large l ≥ 1,
• a non trivial homotopy class α ∈ pi2(M), and
• different fixed points p0, p∞ ∈M0 ⊂M .
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Let L2l+1(S
2,Mi) be the sets of L
2
l+1 maps from S
2 to Mi. Let us introduce
the spaces of Sobolev maps:
Bi ≡ Bi(α) = { u ∈ L2l+1(S2,Mi) : [u] = α,∫
D(1)
u∗(ω) =
1
2
< ω,α >, u(∗) = p∗ ∈M0, ∗ ∈ {0,∞} }.
Let E(J)i, Fi 7→ S2×Mi be vector bundles whose fibers are respectively:
E(J)i(z,m) = {φ : TzS2 7→ TmMi : anti complex linear },
Fi(z,m) = {φ : TzS2 7→ TmMi : linear }.
Then we have two Hilbert bundles over Bi:
Ei = L
2
l (B
∗
i (E(J)i)) = ∪u∈Bi {u} × L2l (u∗(E(J)i)),
Fi = L
2
l (B
∗
i (Fi)) = ∪u∈Bi {u} × L2l (u∗(Fi)).
There exist compatible, free and continuous S1 actions on these Hilbert
bundles, which are both induced from the standard action on C ⊂ CP1.
Remark 3.1. One may regard:
E(J) = ∪i≥0 E(J)i, F = ∪i≥0 Fi
are stratified vector bundles over S2 × M with M = ∪i≥0 Mi. So their
unions E = ∪i≥0 Ei and F = ∪i≥0 Fi are stratified by Hilbert bundles over
B ≡ ∪i≥0 Bi, but both E and F are not Hilbert bundles.
Later when we analyze structure of holomorphic maps into M , we have
to take another completions on them.
The non linear Cauchy-Riemann operators and the tangent maps are de-
fined respectively as sections:
∂¯Ji ∈ C∞(Ei 7→ Bi), ∂¯Ji(u) = Tu+ Ji ◦ Tu ◦
√−1,
T ∈ C∞(Fi 7→ Bi), T (u) = Tu, u ∈ Bi
where i is the complex conjugation on S2 = CP1.
Definition 3.2. u is a holomorphic curve, if it satisfies the equation:
∂¯Ji(u) = 0.
Notice that a holomorphic map u into Mi can be regarded as the one
into Mi+1, since it also satisfies the equation ∂¯Ji+1(u) = 0 by compatibility
condition.
Let us define the moduli space of holomorphic curves by:
M(α,Mi, Ji) = { u ∈ C∞(S2,Mi) ∩Bi(α) : ∂¯Ji(u) = 0 }.
Remark 3.3. (1) There is an induced S1 free action on Mi ≡M(α,Mi, Ji),
if α ∈ pi2(M) is non zero.
(2) u ∈Mi0 implies u ∈Mi for any i ≥ i0, since the embedding Mi0 ⊂Mi
holds.
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We say that J is regular at u ∈Mi0 , if the linearizations:
D∂¯Ji(u) : TuBi 7→ (Ei)u
are onto for all i ≥ i0.
J is regular, if it is regular at any u ∈M ≡ ∪i≥0 Mi.
The following follows from the Riemann-Roch and the implicit function
theorem:
Proposition 3.4. Let [(Mi, ωi, Ji)] be a regular almost Ka¨hler sequence.
Then the moduli spaces are S1 manifolds with the dimension equality:
dimM(α,Mi, Ji) = 2 < c1(T
1,0Mi), [u] > +2 dimMi − 1.
M(α,Mi, Ji) is compact, if moreover α is minimal.
Later on we omit to denote α.
Definition 3.5. The moduli space of holomorphic curves into an almost
Ka¨hler sequence is given by:
M[(Mi, ωi, Ji)] = ∪i≥0 M(α,Mi, Ji).
M[(Mi, ωi, Ji)] is an S
1 stratified manifold, if [(Mi, ωi, Ji)] is a regular
almost Ka¨hler sequence.
Example 3.6. Let us consider the standard holomorphic embedding CP1 ↪→
CPn with fixed two points. Modulo S1 action, this is the unique element in
the moduli space which is regular in the minimal class.
3.2. Sacks-Uhlenbeck’s estimates.
Lemma 3.7. Let [(Mi, ωi, Ji)] be a minimal almost Ka¨hler sequence. Then
there are constants cl ≥ 0 so that any element u ∈ M[(Mi, ωi, Ji)] satisfies
the uniform estimates:
|∇lu|C0(S2) ≤ cl.
Proof. We verify only the uniform estimate |∇u|C0 ≤ c. The estimates on
the higher devrivatives follow from the elliptic regularity.
There is a biholomorphic isomorphism:
Φ : Z = R× S1 ∼= CP1\{0,∞}, (r, t)→ exp(r + 2pi
√−1t)
where we equip with the standard complex structure on Z. For any holo-
morphic curve u ∈M, let us regard it as:
u : R× S1 7→M
with u(−∞) = p0 and u(∞) = p∞ ∈M0.
It follows from the holomorphic condition ∂∂su+J
∂
∂tu = 0 that the equal-
ities hold:
||du||2 = ω( ∂
∂s
u, J
∂
∂s
u) + ω(
∂
∂t
u, J
∂
∂t
u)
= 2ω(
∂
∂s
u,
∂
∂t
u) = 2||u∗(ω)||2.
20 TSUYOSHI KATO
Sublemma 3.8 (SU). There are constants C and  > 0 determined by
[(Mi, ωi, Ji)] so that for any holomorphic disk u : D
2 7→ M = ∪i≥0 Mi and
E =
∫
D2 u
∗(ω) ≤ , the estimate holds:
ϕ(x) ≤ CE, ϕ = |du|2
for all x ∈ D2(12).
Proof of lemma 3.7: Let us fix a small positive constant δ > 0. Then for
any u ∈M([(Mi, ωi, Ji)]), we put s(u) ≡ s∞(u)− s0(u) > 0, where:
s0(u) = sup{ s ∈ R : d( u((−∞, s)× S1), p0 ) ≤ δ },
s∞(u) = inf{ s ∈ R : d( u((s,∞)× S1), p∞ ) ≤ δ }.
Step 1: We claim that for 0 < µ ≤ s(u)3 , there is a positive  > 0
determined by [(Mi, ωi, Ji)] and µ with the estimates:∫
(−∞,s0(u)+µ]×S1
u∗(ω),
∫
[s∞(u)−µ,∞)×S1
u∗(ω) ≥ .
We verify the first estimate only. The latter follows by the same argument.
Notice that the translation on Z is an automorphism (but it does not
preserve the required condition
∫
D(1) u
∗(ω) = 12 < ω,α > on B).
Let us choose a translation T on Z so that s0(u ◦ T ) = 0 holds. Notice
s(u ◦ T ) = s(u) ≥ 3µ. Then one may assume s0(u) = 0, since the equality:∫
(−∞,s0(u◦T )+µ]×S1
(u ◦ T )∗(ω) =
∫
(−∞,s0(u)+µ]×S1
u∗(ω)
holds. Let D2(b) ⊂ S2 be the disk with the radius b > 0. Then we choose
a > 0 as:
(−∞, s0(u) + µ]× S1 = D2(1 + a)\0 ⊂ S2
where we identify (−∞, s0(u)] × S1 = D2(1)\{0}. We put D = D2(1) and
D′ = D2(1 + a).
Let us put Bδ(0) ≡ {m ∈ M : d(p0,m) < δ)} ⊂ M as δ neighborhood of
p0. Then u(s, t) ∈ ∂Bδ(0) and so d(u(s, t), u(−∞)) = δ holds at s = s0(u)
and some t ∈ S1 with (s, t) ∈ ∂D.
Suppose
∫
D′ u
∗(ω) <  could hold for sufficiently small  = (µ) > 0.
Then by sublemma 3.8, the uniform estimate on the derivative:
|du| ≤ C(µ)√
should hold at any point of D. This is a contradiction if  > 0 is too small,
since u(s, t) ∈ ∂Bδ(0) and d(p0, u(s, t)) = δ as above.
This verifies the claim.
Step 2: Let us proceed by contradiction argument. So suppose con-
trary. Then there are families {ui}i ⊂ M[(Mi, ωi, Ji)] and {pi}i ⊂ S2 with
|∇ui|(pi)→∞. As [HV] page 611, one may assume the two properties:
|∇ui|(x) ≤ 2|∇ui|(pi),
lim
i→∞
i|∇ui|(pi) =∞
for all x with d(x, pi) ≤ i, where i → 0 as i→∞.
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Let Di = Di(pi) be small balls with the center pi. We rescale these balls
as Bi = |∇ui|(pi)Di(pi) by multiplying |∇ui|(pi) on their radii, where one
regards Bi ⊂ C. By conformal invariance, one gets a family of holomorphic
maps vi : Bi 7→M = ∪i≥0 Mi. This family satisfies uniform bounds:
|dvi|(pi) = 1, |dvi|(x) ≤ 2 for |x− pi| ≤ i|∇ui|(pi).
In particular by choosing small 1 >> a, ′ > 0,
||dvi|2(x)− |dvi|2(pi)| ≤ ′
hold for all x ∈ Da(pi) by elliptic regularity, where Da(pi) ⊂ Bi is a ball
with the center pi, and a is independent of i. This gives the lower bounds
|dvi|(x) ≥
√
1− ′. So the uniform estimates hold from below:∫
Dbi (pi)
v∗i (ω) ≥
∫
Da(pi)
v∗i (ω) ≥ C > 0
for all bi ≥ a with Dbi(pi) ⊂ Bi.
Step 3: On the other hand apriori bounds
∫
Bi
v∗i (ω) ≤ m hold from above
where m is the minimal invariant. We claim that there is some family Ri ≤
i|∇ui|(pi) with Ri → ∞ such that the length δi of xi ≡ vi(Ri exp(2piit)) :
S1 7→M must decay δi → 0.
In fact since [a, bi] × S1 ⊂ Bi hold with bi → ∞, there are some Ri so
that the decay: ∫
[Ri−1,Ri+1]×S1
v∗i (ω)→ 0
must hold. Then the decay supx∈Ri×S1 |dvi|(x)→ 0 holds by sublemma 3.8,
which verifies the claim.
Step 4: Thus there is a family of small disks {di}i ⊂ M which span xi,
and
∫
di
ω → 0. Let B′i ⊂ Bi be Ri balls with the center pi, whose boundaries
are xi. Let us put two ‘almost’ holomorphic spheres:
u′i =
{
ui on S
2\B′i
di
, v′i = B
′
i ∪ di.
By the condition, these must satisfy:
< ω, u′i > + < ω, v
′
i >→ m > 0,
lim
i
< ω, u′i >, lim
i
< ω, v′i > ≥ 0
By minimality, one of < ω, u′i > or < ω, v
′
i > must be zero for all large i. By
step 2 and 3, < ω, v′i > must be positive and equal to m. So < ω, u
′
i >= 0
must hold.
First of all, suppose there is a uniform lower bound s(ui) ≥ 3µ0 > 0.
There are three cases;
(1) an infinite subset of {pi}i is contained in (−∞, s0(ui)]× S1 or
(2) is contained in [s∞(ui),∞)× S1 or
(3) in [s0(ui), s∞(ui)]× S1.
Suppose the case (1). Then by step 1, there is a positive  > 0 with∫
[s∞(ui)−µ0,∞)×S1(u
′
i)
∗(ω) ≥ . This implies the asymptotic bounds:
lim
i
< ω, u′i > ≥ 
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which give a contradiction. The other cases can be considered similarly.
Step 5: Let us verify that s(ui)→ 0 cannot happen. This will complete
the proof of the lemma. Suppose contrary. Let us take p = 0, q = 12 ∈
S1. Then since ui(o × s∗(ui)) ∈ Bδ(∗), ∗ = 0,∞ and o = p, q, and since
d(Bδ(0), Bδ(∞)) > 0 is positive, there are families {ti} and {ri}, ti, ri ∈
[s0(ui), s∞(ui)], such that |∇ui|(p × ti), |∇ui|(q × ri) → ∞. On the other
hand one has a lower bound d(p × ti, q × ri) ≥ 12 in R × S1. By the same
arguments as step 2, 3, 4, one obtains two non trivial almost holomorphic
spheres, which also cannot happen by minimality of the homotopy class.
q.e.d.
3.3. Hilbert completion of function spaces. Let us introduce the basic
function spaces on the infinite dimensional analysis.
Recall the Sobolev l + 1 space Bi(α) of maps from sphere to Mi in 3.1.
Let us take an element:
u ∈ Bi(α) ⊂ B(α) ≡ ∪i≥1 Bi(α)
and let U(u) ⊂ B(α) be a small neighborhood of u in the set of L2l+1 maps
from S2 to M . Below we will describe its completion to a Hilbert manifold
Uˆ(u).
Let us check the Sobolev embedding of maps into Hilbert space.
Lemma 3.9. There is a constant cl with the uniform estimate:
||u||Cl−1(S2) ≤ cl||u||L2l+1(S2).
Proof. By uniformity of complete local charts, it is enough to verify the
uniform estimate:
||u||Cl−1c ≤ cl||u||L2l+1
for u ∈ Cc(D2;H) with the open unit disc D2 ⊂ R2.
The Sobolev estimate ||u˜||Cl−1c (D2) ≤ cl||u˜||L2l+1(D2) holds for scalar func-
tions u˜ ∈ Cc(D2). Let H be the closure of R∞ with the standard norm, and
express u = (u˜0, u˜1, . . . ) ∈ C l−1c (D2;H). Then we have the estimate:
l−1∑
k=0
|∇ku|2(m) =
l−1∑
k=0
∑
j≥0
|∇ku˜j |2(m)
≤ cl
∑
j≥0
||u˜j ||2L2l+1(D2) = cl||u||
2
L2l+1(D
2)
for any m ∈ D2. By taking supremum of the values in the left hand side,
we obtain the desired estimate. q.e.d.
Remark 3.10. These Hilbert Sobolev spaces admit the free and continuous
S1 actions. In precise there is a constant C > 0 with the inequalities:
C−1||u|| ≤ sup
t∈S1
||tu|| ≤ C||u||
for all elements u in such a space.
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Let us precisely describe how to equip with the Sobolev norm on B(α).
Let ϕ(p) : D() ≡ ∪i D2i() ↪→ M = ∪i≥0 Mi be a complete almost Ka¨hler
chart at p. Sometimes we will identify D() with D(p) where:
D() ⊂ R∞ ⊂ H, D(p) ≡ ϕ(p)(D()) ⊂ M.
D() admits the induced metric from ϕ(p), which is uniformly equivalent to
the standard one on H.
Let us fix the following data;
(1) finite set of points s0, . . . , sk ∈ S2,
(2) an open cover U0, . . . , Uk with si ∈ Ui ⊂ S2, and
(3) a partition of unity f0, . . . , fk over S
2.
For each u ∈ B(α), one can choose large k so that each image u(Uj) is
contained in a complete almost Ka¨hler chart at ϕ(pj) with pj = u(sj). Then
one can express its restriction as:
u|Uj : (Uj , sj) 7→ (D(pj), pj).
Identifying D(pj) with D() as above, one may regard these maps as:
u|Uj : (Uj , sj) 7→ (D(), 0) ⊂ (H, 0).
Let u ∈ U(u) ⊂ B(α) be a small open subset. Then locally any element
v ∈ U(u) can be expressed as v|Uj : Uj 7→ R∞ ⊂ H. We introduce the
Sobolev norm on U(u) by:
||v||2L2l+1 =
∑
0≤j≤k
∑
0≤a≤l+1
∫
Uj
|∇a(fjv)|2(m)dm.
By completion, one obtains the Hilbert manifold Uˆ(u) which contains a
neighborhood of u ∈ B(α). Then we put the Hilbert manifold:
Bˆ(α) = ∪u∈B(α) Uˆ(u).
Notice that if u is holomorphic, then k above can be chosen uniformly by
lemma 3.7.
In a similar way, let us introduce the Hilbert norm on the set of sections
of u∗(E(J)) as follows; let us take any ϕ ∈ Γ(u∗(E(J))). Then one can
express the restriction as:
ϕ|Uj : TUj 7→ TD() = D()× R∞
which is anti linear with respect to (i, Ju(m)) at (m,u(m)). Notice that ϕ is
of the form ϕ(m) = (u(m), ϕm) with ϕm ∈ E(J)(m,u(m)). Then define:
||ϕ||2L2l ≡
∑
0≤j≤k
∑
0≤a≤l
∫
Uj
|∇a(fjϕ|Uj)|2(m)dm.
Let W (u, ϕ) ⊂ E be an open neighborhood of (u, ϕ). By taking comple-
tion with respect to the above norm, one obtains the Hilbert bundle:
Wˆ (u, ϕ)→ Uˆ(u).
Then we put the total Hilbert bundle:
Eˆ(α) ≡ ∪(u,ϕ)∈E Wˆ (u, ϕ) → Bˆ(α).
24 TSUYOSHI KATO
Similarly we obtain the Hilbert bundle:
Fˆ(α) → Bˆ(α).
Now the Cauchy-Riemann operator extends to a smooth section as:
∂¯J : Bˆ(α)→ Eˆ(α)
which restricts as:
∂¯J : Uˆ(u)→ Wˆ (u, ∂J(u)).
Let us denote:
Mˆ[(Mi, ωi, Ji)] = ∪u∈M[(Mi,ωi,Ji)] { v ∈ Uˆ(u) : ∂¯J(v) = 0 }.
This space is apriori bigger than the moduli space M[(Mi, ωi, Ji)]. Nonethe-
less later we verify their coincidence each other under some conditions.
3.3.1. Some functional analysis. Let H be a Hilbert space and L ⊂ H be a
closed linear subspace.
Lemma 3.11. Let F : H → H be a bounded operator with closed range,
whose kernel consists of finite dimensional subspace. Then F (L) ⊂ H is
also closed. In particular F (L) is closed if F is injective.
Proof. If kernel F = 0, then F : H ∼= F (H) gives an isomorphism. In
particular F (L) is closed.
Suppose ker(F ) = K ⊂ H is of finite dimension. Then F induces an
isomorphism F : H/K ∼= F (H), where we equip with the metric on H/K
by use of orthogonal decomposition H = K⊥ ⊕K. Then it is enough to see
that the image of the projection pr(L) ⊂ H/K is still closed.
One may assume that L∩K = 0 by replacing L by (L∩K)⊥ in L, when
it has positive dimension.
Suppose a sequence {v¯i}i ⊂ pr(L) converge to some element v¯ ∈ H/K.
By the assumption, their representatives vi ∈ L of v¯i are unique. Let us
represent vi = v
1
i + v
2
i ∈ L with respect to the decomposition H = K⊥⊕K.
We claim that ||vi|| are uniformly bounded. Suppose contrary and assume
||vi|| → ∞. Then by normalizing as wi = ||vi||−1vi = w1i +w2i , both conver-
gence ||w1i || → 0 and ||w2i || → 1 should hold. Since K is finite dimensional
and L is closed, a subsequence wi converges to some element w ∈ L ∩ K
with ||w|| = 1. This contradicts to our assumption, which verifies the claim.
Now since {v2i }i ⊂ K is a bounded sequence, a subsequence converges to
some element v2 ∈ K. Since v1i converges to v, it follows from these that a
subsequence of {vi}i converges to v+ v2 ∈ L. This implies v¯ ∈ pr(L). q.e.d.
Remark 3.12. The assumption of finite dimensionality is necessary. Let H
be a separable infinite dimensional Hilbert space, and choose an orthonormal
basis {vi}i. Let 0 < ai → 0 be a decreasing family of numbers.
Let us consider a surjective bounded map:
F = id ⊕ 0 : H ⊕H → H
and a closed subspace L spanned by the basis:
L = span {wi = (aivi, vi) : i = 0, 1, 2, . . . } ⊂ H ⊕H.
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We claim that the image of the restriction F |L is not closed. Suppose
contrary. Then since F |L is injective, the restriction must be an isomorphism
by the open mapping theorem. So there must exist some C > 0 with the
uniform estimates:
|aivi| = |F (wi)| ≥ C|wi| = C
√
a2i + 1.
But the left hand side converge to 0, which cannot happen.
The following abstract property is a key to our Fredholm theory we de-
velop later:
Corollary 3.13. Suppose the above situation, and choose another Hilbert
space W . Then the image of the Hilbert space tensor product L⊗W of the
induced operator F ⊗ 1 : H ⊗W → H ⊗W , still has closed range.
In particular if F is an isomorphism, then F ⊗ 1 is also the same.
Proof. Let us put E = L ∩ ker(F ), and decompose L ∼= L′ ⊕ E. Then
F (L) = F (L′) holds. Since the restriction F |L′ is injective, it gives the
isomorphism onto F (L) by the open mapping theorem.
Since the restriction F ⊗1|L′⊗W gives the isomorphism onto F ⊗1(L′⊗
W ) = F ⊗ 1(L⊗W ), the conclusion follows. q.e.d.
3.4. Geometric conditions. We study functional analytic properties of
the Cauchy-Riemann operators over almost Ka¨hler sequences which satisfy
the geometric conditions we have introduced in 2.3.
Our aim in 3.4 is to verify the following:
Theorem 3.14. Let [(Mi, ωi, Ji)] be a symmetric Ka¨hler sequence.
(1) Suppose it is regular, and dim ∪i≥0 kerDu∂¯i = N is finite. Then it is
in fact strongly regular of index N .
In particular M[(Mi, ωi, Ji)] is a regular N dimensional manifold.
(2) If moreover it is isotropic and is regular with respect to a minimal
class α ∈ pi2(M), then the equality holds:
M[(Mi, ωi, Ji)] = M(M0, ω0, J0).
Moreover it is compact.
Proof. (1) follows from combination of lemma 3.18 with proposition 3.19.
(2) is verified in lemma 3.22. q.e.d.
3.4.1. Strong regularity over symmetric Ka¨hler sequences. Let [(Mi, ωi, Ji)]
be a symmetric almost Ka¨hler sequence, and choose its symmetric data
{(Pi, pik)}i,k with respect to (Mk,Mk+1) in 2.3.
For any u ∈ Bk ⊂ Bk+1 ⊂ B, let Uˆ(u) ⊂ B be as in 3.3. Let us put
U(u)l = Bl ∩ Uˆ(u).
There is the extended projection:
p¯ik : Uˆ(u)→ U(u)k
with p¯ik|U(u)k = id, given by the composition v → pik ◦ v. Then the isomor-
phism:
TuU(u)k+1 ∼= TuBk ⊕ V (u)k
holds, where:
V (u)k = ker(p¯ik)∗ ∩ TuU(u)k+1.
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Lemma 3.15. The complete isomorphism holds:
TuUˆ(u) ∼= TuBk ⊕ V (u)k ⊗H
where H is a separable Hilbert space.
Proof. This follows from the symmetric property and lemma ??. q.e.d.
The Cauchy-Riemann operator ∂¯J and the tangent map T give smooth
sections respectively:
∂¯J : Uˆ(u) 7→ Eˆ|Uˆ(u), T : Uˆ(u) 7→ Fˆ|Uˆ(u).
Definition 3.16. Let [(Mi, ωi, Ji)] be a regular almost Ka¨hler sequence. It
is strongly regular, if the differential:
D∂¯u : TuUˆ(u) 7→ TuEˆ
is transverse to the 0 section Uˆ(u) ⊂ Eˆ for any u ∈M[(Mi, ωi, Ji)].
Lemma 3.17. Let [(Mi, ωi, Ji)] be a symmetric Ka¨hler sequence.
Then D∂¯J : TuUˆ(u) 7→ TuEˆ has closed range.
Proof. Step 1: Let us take u ∈M(Mk, ωk, Jk), and Pi : (M,Mk) ∼= (M,Mk)
be the symmetry data for all i ≥ k + 1.
Recall the notations in 3.1, and consider the bundle over S2 ×Mk:
F⊥k (m, z) = {φ : TzS2 → Ker (pik)∗ ∩ TmMk+1 : linear } ⊂ Fk+1(z,m).
Then we put the Hilbert sub bundle over Bk:
F⊥k = L
2
l (B
∗
k(F
⊥
k )) = ∪u∈Bk{u} × L2l (u∗(F⊥k )) ⊂ Fk+1|Bk.
There is a bundle decomposition:
Fk+1|Bk ∼= Fk ⊕ F⊥k
over Bk given by:
φ¯→ ( (pik)∗(φ¯), φ¯− (pik)∗(φ¯) ).
It follows from symmetric property that the bundle decomposes:
Fˆ|Bk ∼= Fk ⊕ F⊥k ⊗H
as lemma 2.16. Let:
DTk+1 = DTk ⊕DT⊥k : TuBk+1 = TuBk ⊕ V (u)k
→ TuFk+1 = TuFk ⊕ TuF⊥k
be the tangent map. Then the total tangent map is described as:
DT = DTk ⊕ (DT⊥k ⊗ id )
: TuUˆ(u) ∼= TuBk ⊕ V (u)k ⊗H
→ TuFˆ ∼= TuFk ⊕ TuF⊥k ⊗H.
Step 2: Let us consider J . Notice that it always preserves the restriction
as V (u)k → V (u)k, since it commutes with (pik)∗. However it is not always
the case that its restriction gives a self map as TuF
⊥
k → TuF⊥k . On the other
hand it happens if it is integrable. In fact the formula:
D∂¯J(v) = (DT + J ◦DT ◦
√−1)(v) +N(v)
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holds, where N involves ∇J and N ≡ 0 when J is integrable. So D∂¯J =
DT + J ◦DT ◦ i holds if it is Ka¨hler.
In particular if we decompose these function spaces by use of the holo-
morphic local charts as in step 1, then D∂¯J can be also expressed as a form
K1 ⊕ (K2 ⊗ id ).
Now consider the composition with the projection:
D∂¯l : TuBl → TuFl → (Fl)u.
This is Fredholm for any l ≥ k, which follows from the well known analysis of
holomorphic curves into finite dimensional symplectic manifolds (see [HV]).
In particular the map D∂¯l : TuBl → TuFl has closed range with finite
dimensional kernel.
Since V (u)k ⊂ TuBk+1 is a closed linear subspace, it follows from lemma
3.11 that K2⊗ id has closed range. So the direct sum K1⊕ (K2⊗ id ) also
has closed range. q.e.d.
3.4.2. Index computations. Let [(Mi, ωi, Ji)] be an almost Ka¨hler sequence,
and pik : U(Mk) → Mk be the holomorphic projection with pik|Mk = id
from a small neigborhood in M = ∪i≥0 Mi for each k ≥ 0. For u ∈ Bk, let
p¯ij : Uˆ(u) 7→ Bj be the induced projections for all j ≥ k.
Let us compare two operators:
∂¯J : Uˆ(u) 7→ Eˆ|Uˆ(u), ∂¯i : Bi 7→ Ei.
Lemma 3.18. Let [(Mi, ωi, Ji)] be an almost Ka¨hler sequence.
If ∪i≥0 kerDu∂¯i is of finite dimension, then the equality holds:
kerDu∂¯J = ∪i≥0 kerDu∂¯i.
In particular the left hand side is of finite dimension.
Proof. The condition implies ∪i≥0 kerDu∂¯i = kerDu∂¯i0 for some i0.
Suppose contrary and assume kerDu∂¯J 6= ∪i≥0 kerDu∂¯i. Let ut ⊂ Uˆ(u)
be a smooth curve with u0 = u and u
′
t|t=0 ≡ v ∈ kerDu∂¯J but v 6∈
∪i≥0 kerDu∂¯i. It follows from the equality:
Du∂¯j(p¯ij(v)) = p¯ij(Du∂¯(v)) = 0
for all j ≥ k that (pij)∗(v) lies in kerDu∂¯j . Hence it must be contained
in kerDu∂¯i0 . Since j is arbitrary, this implies v ∈ kerDu∂¯i0 . This is a
contradiction. q.e.d.
Proposition 3.19. Let [(Mi, ωi, Ji)] be a symmetric Ka¨hler sequence. Let
us choose any u ∈M(Mk, ωk, Jk).
If the uniform bound dim cokerDu∂¯i ≤ M holds for any i ≥ k, then
dim cokerDu∂¯J ≤M also holds.
In particular if it is regular, then it is in fact strongly regular.
Proof. D∂¯J has closed range by lemma 3.17. Suppose dim cokerDu∂¯J ≥
M+1 could hold, and take orthonormal elements u1, . . . , uM+1 in cokerDu∂¯J .
There is a large l >> k so that uli = pil ◦ui is defined for any 1 ≤ i ≤M + 1.
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For small  > 0, let us choose sufficiently large l so that the estimates
below hold, where B ⊂ imDu∂¯l ⊂ (El)u is the unit ball:
||uli||2 ≥ 1− , | < uli, ulj > | ≤ , | < B, uli > | ≤ .
There are numbers a1, . . . , aM+1 ∈ R with
∑M+1
i=1 |ai|2 = 1 such that v ≡∑M+1
i=1 aiu
l
i lies in im Du∂¯l, since dim cokerDu∂¯l ≤M holds. Let us pick up
i with |ai| = sup1≤j≤M+1 |aj | ≥ 1√M+1 . Then one should have the estimates:
 ≥ | < v, uli > | ≥ |ai|(1− )− 
∑
i 6=j
|aj | ≥ |ai|(1− )−
√
M.
Since  can be arbitrarily small, this is a contradiction. q.e.d.
Example 3.20. CP∞ is strongly regular of index 1 by proposition 3.4.
So for a regular and symmetric Ka¨hler sequence, the moduli space of
holomorphic curves is strongly regular with the expected index.
Notice that the strong regularity condition is stable under small pertur-
bations, while just regularity is not the case in general. With the above
analysis, we would like to propose the following:
Conjecture 3.21. Let [(Mi, ωi, Ji)] be a symmetric Ka¨hler sequence.
(1) One can perturbe the complex structure (to be almost Ka¨hler) so that
the result could become strongly regular.
(2) index D∂¯J = M holds when index D∂¯i = M for all large i and
∪i≥0 kerD∂¯i is of finite dimension.
3.4.3. Compactness of moduli spaces.
Lemma 3.22. Let [(Mi, ωi, Ji)] be an isotropic Ka¨hler sequence, which is
regular with respect to a minimal class α ∈ pi2(M). Suppose moreover
∪i≥0 kerDu∂¯l0 <∞ is of finite dimension.
Then the equality holds:
M[(Mi, ωi, Ji)] = M(M0, ω0, J0).
Moreover they are compact.
Proof. Let us choose an element [u] ∈M[(Mi, ωi, Ji)].
Step 1: Let us verify that there is some l0 so that the connected compo-
nent M(u) containing u has all their images in Ml0 .
It follows from proposition 3.19 that the moduli space is strongly reg-
ular. By lemma 3.18, there is some l0 so that the equality kerDu∂¯J =
∪i≥0 kerDu∂¯l0 holds.
Suppose there is some u′ ∈ M(u) whose image is not contained in Ml0 .
Then take a smooth path ut between u and u
′ in M(u) for t ∈ [0, 1]. There
should exist t0 ∈ [0, 1] such that the image of ut0 lies in Ml0 , but it is not
the case for any ut with t ∈ (t0, t0 + ], where  > 0 is a positive number.
Choose some t ∈ (t0, t0 + ] and l′0 ≥ l0 such that the image of ut lies in Ml′0 .
Now [u] ∈ M(Ml0 , ωl0 , Jl0) and [ut] ∈ M(Ml′0 , ωl′0 , Jl′0), which are both
regular manifolds of the same dimension N . At [u], the tangent spaces
coincide:
T[u]M(Ml0 , ωl0 , Jl0) = T[u]M(Ml′0 , ωl′0 , Jl′0)
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with the inclusion:
M(Ml0 , ωl0 , Jl0) ⊂M(Ml′0 , ωl′0 , Jl′0).
So the local charts at [u] for these moduli spaces must coincide. On the
other hand by lemma 3.7, one may assume that [ut] lies in the local chart
of M(Ml′0 , ωl′0 , Jl′0) at [u]. This cannot happen.
Step 2: Suppose there could exist some k such that all elements in M(u)
have their images in Mk+1 but some element does not have its image in Mk.
Let P ti : (M,Wi,Mk)
∼= (M,Mk+1,Mk) be the isotropies for i ≥ k + 1,
where M = ∪i≥0Mi. There is some u′ ∈M(u) so that the image P 0i (u′) = u′
is contained in Mk+1, while (P
1
i )
−1(u′) are not the case for all i ≥ k + 2.
This implies that the image of M(u) cannot be contained in Mk+1, since
(P 1i )
−1(u′) also consists of an element in M(u). This contradicts to the
assumption. So M(u) must be contained in Mk.
Next let us replace the pair (k, k + 1) by (k − 1, k). Then the image of
M(u) is contained in Mk−1 by the same argument.
Let us continue this process. Then finally we find that the image of M(u)
must be contained in M0. q.e.d.
It would be interesting to study more general case when the equality:
M[(Mi, ωi, Ji)] = M(Mk, ωk, Jk)
holds for some k, if M[(Mi, ωi, Ji)] is a smooth manifold of finite dimension.
4. Hamiltonian dynamics
4.1. Bounded Hamiltonians. Let [(Mi, ωi, Ji)] be an almost Ka¨hler se-
quence. A bounded function f : M → R is called a bounded Hamiltonian, if
it is of completely bounded geometry on M = ∪i≥0Mi (see 2.1.1).
Let { ϕ(p) : D() ↪→ ∪i≥0Mi }p∈M be a uniformly bounded covering by 
complete almost Ka¨hler charts. By pulling back the bounded Hamiltonian
as ϕ(p)∗(f) : D()→ R, let us regard the restriction of the differential df as
a one form on D(). The Hamiltonian vector field Xf on D() is defined as
the unique vector field which obeys the equality:
−df(Y ) = ω(Xf , Y )
for any vector field Y of completely bounded geometry.
Below we introduce three classes of bounded Hamiltonian functions on
M = ∪i≥0 Mi.
Definition 4.1. (1) A bounded Hamiltonian function f : M → [0,∞) is
pre-admissible, if there are open neighborhoods N0, N∞ ⊂M of p0, p∞ ∈M0
respectively so that f |N0 ≡ 0 and f |N∞ ≡ sup f hold.
(2) f is proper, if for any i, there is j so that:
(df)m ∈ T ∗mMj
holds for any m ∈ N(Mi) ⊂ M , where N(Mi) is a neighborhood of Mi in
M .
Moreover the following holds:
lim
k→∞
||f − fk||Cα(Mk) = 0
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for any α ≥ 0, where fk ≡ f |Mk are the restrictions. Notice that:
lim
k→∞
F |Mk = Fk
also holds in Cα−1, where Fk : Mk ∼= Mk are the Hamiltonian diffeomor-
phisms with respect to the restrictions fk.
(3) f is l0-connected, if there is an open and connected subset p0 ∈ U ⊂M
which contains supp df ⊂ U such that its closure U¯ ⊂M is l0-connected:
pil(U¯ ∩Mk) = 0 (l ≤ l0)
for all k = 0, 1, . . . , where supp df is the closure of {m ∈M : df(m) 6= 0}.
Lemma 4.2. Let [(Mi, ωi, Ji)] be an almost Ka¨hler sequence, and take a
proper bounded Hamiltonian f : M = ∪i≥0Mi → R.
Then there is the parametrized diffeomorphisms as its integral:
Ft : M ∼= M
which preserve the symplectic form.
Notice that M is not complete, since it is countable union of finite di-
mensional manifolds and modeled on R∞. So without properness, f cannot
induce maps on M to itself in general.
Proof. Let f : M → [0,∞) be a pre-admissible bounded Hamiltonian. Take
any m ∈Mi, and consider the gradient vector field X = grad f on N(Mi) ⊂
M . Then the restriction X|Mi takes the values in TMj . In fact any vector
W ∈ (TmMj)⊥ ⊂ TmM is orthogonal to X, since the equality holds:
< X,W >= df(W ).
So the restriction of the Hamiltonian vector field Xf = −J ◦ grad f on Mi
also takes the values in TMj . It follows from uniqueness of the integral
that range of the Hamiltonian diffeomorphisms Ft(m) land on Mj for any
m ∈Mi and all small 0 ≤ t ≤ t0. The conclusion follows immediately. q.e.d.
We call F = F1 as the Hamiltonian diffeomorphism. Notice that Ft(U) ⊂
U hold if supp df ⊂ U ⊂M .
Example 4.3. LetD ⊂ R∞ andDk ⊂ Rk be the unit disks withD = ∪k≥0Dk,
and consider the bounded Hamiltonian f : D → R given by:
f(x0, x1, . . . ) =
∞∑
k=0
xkxk+1.
f is not proper.
Let ρ : R → R be a smooth function such that ρ(a) ≡ 0 for |a| ≤  and
ρ(a) = a for |a| ≥ 2 for some  > 0. Then h below is proper:
h(x0, x1, . . . ) =
∞∑
k=0
xkρk(xk+1).
The topological condition (3) above is used when we introduce the invari-
ant of the action functional in 4.2.
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4.2. Symplectic action functional. Let M be a finite dimensional man-
ifold, and take a connected open subset p0 ∈ U ⊂M with a fixed point.
A cone of (p0, U) is a smooth map u : (−∞, 0] × S1 → M so that
u(−∞, S1) = p0 and u(0, S1) ⊂ U hold.
Lemma 4.4. Suppose U is 2-connected. A cone of (p0, U) canonically de-
fines an element in pi2(M).
Proof. Let Ω(M) be the based loop space with the base p0. u(s, ) : S
1 →
M gives a path in the free loop space, and by use of the path u( , 0), it is
lifted to a path u˜ : (−∞, 0]→ Ω(M).
Let us put u(0, 0) = m ∈ U and choose another path γ from m to p0 in U .
The loop u(0, ) : S1 → U can be contracted since U is simply connected.
So one can obtain an extension u˜ so that u˜ : (−∞, 1]→ Ω(M) is the family
of loops along Ψ ≡ u( , 0) ∪ γ, and u˜(1) is the union Ψ ∪ −Ψ which is the
trivial element. So u˜(−∞) = u˜(1) ∈ Ω(M) holds, and u˜ gives an element
α ∈ pi1(Ω(M)) = pi2(M).
α is independent of choice of contraction of u(0, ) since pi2(U) = 0 holds.
It is also independent of choice of γ since pi1(U) = 1. q.e.d.
Let us call the triplet (α, p0, U) as the action functional data, where α ∈
pi2(M) is the element defined as above from a cone of (p0, U).
Let (M,ω) be a finite dimensional symplectic manifold, and choose a pre-
admissible Hamiltonian f : M → [0,∞) which is 2-connected over p0 ∈
U ⊃ supp df with f(p0) = 0. Let Ft : (M,U) ∼= (M,U) be the Hamiltonian
path with F = F1, and consider a fixed point m ∈ U by F . Ft fixes a
neighborhood of p0 by pre-admissibility.
Since m is fixed by F , there exists a non trivial periodic orbit u(0, ) :
S1 → U of the Hamiltonian vector field Xf with u(0, 0) = m. Then take a
cone:
u : (−∞, 0]× S1 →M
with u(−∞, S1) = p0 and with the induced element α. The triplet (α, p0, U)
gives an action functional data.
4.2.1. Small perturbations. Before going further, let us consider small per-
turbations. For  > 0, let F(f) be the set of smooth functions on M such
that the estimates:
||f − g||C1 < 
hold for g ∈ F(f).
Lemma 4.5. Let U be as above for f which is 2-connected. For δ > 0, there
is  > 0 such that any periodic orbit l with:
length l ≥ δ
of Hamiltonian diffeomorphisms Gt : M ∼= M is contained in U for any
g ∈ F(f).
Proof. Notice that there is µ > 0 such that the upper bound µ ≥ length
l holds, since it satisfies the equation dldt = XG(l(t)) and C
0 norm of the
vector field is uniformly bounded for any g ∈ F(f).
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If  > 0 is sufficiently small, then l must be contained in U , since the C0
norm of XG on U
c is smaller than . q.e.d.
4.2.2. Action functional. Let u be a cone as above. Consider the curve
γ : [0, 1] → M by u( , 0), and the loop l given by two arcs −γ and F ◦ γ.
Let us consider the disc ∆ with ∂∆ = l ∪ −u(0, ) by:
∆ : (−∞, 0]× [0, 1]→M, ∆(s, t) = Ft(u(s, 0))
Then with respect to the data (α, p0, U), we define the action functional by:
δ(F ;m) =
∫
u
ω +
∫
∆
ω.
Notice that the homological boundary of u+ ∆ is l, and so the equality:
δ(F ;m) =
∫
l
µ
holds by Stokes theorem, where dµ = ω on U .
The proofs of the following two lemmas extend the arguments in [P].
Lemma 4.6. If U is 2-connected, then the action functional is independent
of choice of cones and Hamiltonian paths with respect to the data (α, p0, U).
So it makes sense to denote δ(F ;m) when U is 2-connected, once the data
(α, p0, U) is given.
Proof. Step 1: Let us verify that it is independent of choice of cones. Let
us choose another cone u′ such that u′(0, ) = u(0, ) is the periodic orbit
with respect to Xf . The loop consisted by u( , 0) with u
′( , 0) can be
spanned by a disk D in M , since we have fixed the element α ∈ pi2(M).
Moreover u′ can be deformed to u rel (−∞, S1)∪ (0, S1). Then we consider
the sphere:
S = u ∪∆ ∪ −u′ ∪ −∆′ ∪D ∪ −F (D).
[S] = 0 ∈ pi2(M) vanishes since both ∆′ and u′ can be deformed to ∆ and u
respectively, passing through D and F (D).
Then the equalities:∫
u
ω +
∫
∆
ω − (
∫
u′
ω +
∫
∆′
ω) = −
∫
D
ω +
∫
F (D)
ω = 0
hold where the last one holds since F preserves the symplectic form.
So δ(F ;m) is independent of choice of cones with fixed data (α, p0, U).
Step 2: Let us verify that it is independent of choice of Hamiltonian
paths. Let us take another Hamiltonian path F ′t with F ′1 = F , and consider
the loop F ′t(m). There is a map v : [0, 1]×S1 → U with v(0, t) = Ft(m) and
v(1, t) = F ′t(m), since U is simply connected. Then let us choose another
cone u′ which is obtained by concatenation of u with v. Clearly the corre-
sponding element is the same as u in pi2(M). We may assume the equality
u = u′ on (−∞,−] × S1, and u, u′ : [−, 0] × S1 → U for some  > 0. Let
us put:
Σ = u ∪∆, Σ′ = u′ ∪∆′ ⊂ M.
Σ ∪ −Σ′ consistes of a sphere S. Let us put:
K = {(s, t) ∈ (−∞, 0]× [0, 1] : ∆(s, t) 6= ∆′(s, t), }.
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Then ∆(K) ∪∆′(K) is contained in U , since the support of the differential
of the Hamiltonian functions are contained in U .
We use a general fact that for an n dimensional CW pair (A,B) with
n − 1-connected Y , any continuous map h : B → Y can be extended over
A. Let us apply the above fact to the pair A = K × [0, 1] with B =
∂K × [0, 1] ∪K × {0, 1} with n = 3 and:
h ≡ ∆′|K × {0} ∪ ∂K × [0, 1], ∆|K × {1} → U.
This gives a continuous deformation from S to Σ∪−Σ which is contractible.
So we obtain the equality: ∫
Σ
ω =
∫
Σ′
ω.
q.e.d.
Let f : M → [0,∞) be a pre-admissible Hamiltonian function with a
periodic orbit {Ft(m)}t∈[0,1] in U . Then we define the symplectic action:
A(f,m) =
∫
u
ω −
∫ 1
0
f(Ft(m))dt.
Let us fix the data (nα, p0, U) for F
n and n = 1, 2, . . .
Lemma 4.7. (1) δ(F ;m) = A(f,m) =
∫
u ω −
∫ 1
0 f(Ft(m))dt.
(2) δ(Fn;m) = nδ(F ;m) for all n = 1, 2, . . .
(3) Suppose U is 2-connected. If δ(F ;m) 6= 0, then ||dFn||C0(U) must grow
at least linearly with respect to n. In particular the cyclic group generated
by F is infinite.
Proof. See proposition 2.4.A in [P] for (1). Notice that in our case p0 is fixed
under Hamiltonian deformations by Ft.
Let us verify (2). It is enough to see n = 2. Let us put:
∆2 : (−∞, 0]× [0, 2]→M, ∆2(s, t) = Ft(u(s, 0))
and u2 ≡ u(s, 2t). ∆2 is just ∆∪F (∆) where ∆ : (−∞, 0]× [0, 1]→M with
∆(s, t) = Ft(u(s, 0)). In particular:
u2 ∪∆2 = (u ∪∆) ∪ (u ∪ F (∆))
Since F preserves the symplectic form, the equalities hold:∫
u∪F (∆)
ω =
∫
F (u∪∆)
ω =
∫
u∪∆
ω.
So we obtain the equalities:
δ(F 2,m) =
∫
u2∪∆2
ω = 2
∫
u∪∆
ω = 2δ(F,m).
For (3), H2(U : R) = 0 by Hurewicz isomorphism theorem. Let µ0 be a
primitive one form of ω with dµ0 = ω on U , and put C0 = ||µ0||C0(U) <∞.
Let ln be the loops in M consisted by −γ and Fn(γ) with γ = u( , 0).
Notice the estimates:
length ln ≤ l(γ)(1 + ||dFn||C0(U))
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where l(γ) is the length of γ. Then we have the inequalities:
n|δ(F ;m)| = |
∫
ln
µ0| ≤ C0 length ln ≤ C0l(γ)(1 + ||dFn||C0(U)).
q.e.d.
4.2.3. Perturbed case. Recall 4.2.1 and take a bounded Hamiltonian g which
is sufficiently close to f in C∞. Let G : M ∼= M be the Hamiltonian
diffeomorphism with respect to g. Let l be the periodic orbit as in lemma
4.5. Take a cone u with p0.
There is a slightly different situation to 4.2.2, since p0 is not fixed by G
and the point moves a little. We define the same action functional δ(G,m).
Corollary 4.8. The lower bound:
nδ(G,m) ≤ C0l′(γ)(1 + ||dGn||C0(U))
holds for each n ≥ 1.
Proof. Notice that the homological boundary in this case is l′ which is given
by union of three arcs, −γ, Gt(p0) and F ◦ γ.
The same argument tells us the equality:
δ(Gn,m) = nδ(G,m).
Let l′n be the loop given by the union of −γ with Gn(γ). Then we have
the estimates:
length l′n ≤ l′(γ)(1 + ||dGn||C0(U)).
Combining these two inequalities, we obtain the lower bound:
nδ(G,m) ≤ C0l′(γ)(1 + ||dGn||C0(U)).
q.e.d.
Remark 4.9. Let ϕ : M → R be a cut off function with ϕ|N 
2
(p0 ∪ p∞) ≡ 0
and ϕ|N(p0 ∪ p∞)c ≡ 1. Then g′ ≡ ϕg is also a small perturbation of f ,
and is pre-admissible. Moreover the estimate holds:
nδ(G′,m) ≤ n
2
δ(G,m).
Suppose l is a periodic orbit of Gt. It follows from the proof of lemma 4.5
that the intersection is empty:
l ∩N(p0) = φ.
So i is also a periodic orbit of G′.
4.3. Proof of theorem 1.3. Let [(Mi, ωi, Ji)] be an almost Ka¨hler se-
quence, and f : M → [0,∞) be a non constant proper bounded Hamil-
tonian with F : M ∼= M . Suppose f is pre-admissible with fixed points
p0, p∞ ∈M0 ⊂M = ∪i≥0 Mi.
Let fi = f |Mi be the restrictions and Fi : Mi ∼= Mi be the associated
Hamiltonian diffeomorphisms. Our key lemma is given by the following:
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Lemma 4.10. Assume the conditions in theorem 1.3.
Then there are  > 0, uniformly bounded positive numbers:
C ≥ λi ≥ c > 0
from both sides, and a family of fixed points mi ∈ U with respect to F˜i such
that the uniform bounds hold from below for all sufficiently large i > 0:
|δ(F˜i;mi)| > 
where F˜i are the Hamiltonian diffeomorphisms with respect to λifi.
The proof of the lemma occupies section 5. Before going into the proof,
let us verify theorem 1.3 assuming the key lemma 4.10.
Proof. Let us verify theorem 1.3. Notice that Fi is different from F |Mi in
general, since it is Hamiltonian with respect to f |Mi, while the image F (Mi)
does not necessarily coincide with Mi.
Step 1: Firstly we verify that there is some ′ > 0 so that:
||d(Fm)||C0(Mi) ≥ m′
hold for any m and i ≥ i0(m). This implies that F is infinitely cyclic.
Let λi be in lemma 4.10 and λ = lim infi λi ≥ c > 0 be the positive
number, where one takes a subsequence if necessary. Let Ft and F˜t be the
Hamiltonian diffeomorphisms with respect to f and λf respectively. Notice
the relation F˜t = Fλt.
By properness, {F˜i}i converges to F˜ in C1, where F˜i are in lemma 4.10.
Step 2: There are fixed points mi ∈Mi with respect to F˜i : Mi ∼= Mi so
that the uniform estimates:
|δ(F˜i;mi)| > 
hold for all large i > 0 by lemma 4.10.
Let γi be paths between p0 and mi in U , and consider the loops l
i
n con-
sisted by γi with (F˜i)
n(γi) as in lemma 4.7. Since diameter of M is finite,
one may assume that the lengths of γi are uniformly bounded from above.
Then as in the proof of lemma 4.7(3), we have the uniform estimates:
n ≤ C0(1 + ||d(F˜i)n||C0(Mi)).
Step 3: For any l0:
lim
i→∞
||F l0 |Mi − (Fi)l0 ||C1(Mi) = 0
hold since f is proper.
Suppose λi = 1. Then there are pi ∈Mi so that the estimates:
n ≤ C0|d(Fi)n|(pi)
hold for all large n ≥ 0. Choose n0 so that ||d(Fi)n0l0 ||C0(Mi) ≥ 2 hold for
all large i.
Take large i >> 1 so that the estimates ||Fn0l0 |Mi − (Fi)n0l0 ||C1(Mi) < 1
hold.
Then we get a contradiction, if F l0 could be the identity.
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Step 4: Next let us verify the general case. Let us consider F˜i in step 2.
Then the estimates:
n ≤ C0|d(F˜i)n|(pi) (∗)
hold for all large n ≥ 0 as in step 3.
There are families of numbers 0 ≤ µn < 1 and an ∈ N such that nλi =
an +µn. Since the equalities (F˜i)
n ≡ F˜i ◦ · · · ◦ F˜i = (F˜i)n = (Fi)λin hold, we
obtain the estimates for all n ≥ 0:
an ≤ λin ≤ C0λi|d(F˜i)n|(pi)
= C0λi|d(Fi)λin|(pi) = C0λi|d(Fi)µn ◦ d(Fi)an |(pi) ≤ C ′0λ|d(Fi)an |(pi).
So we obtain the estimates an ≤ C ′′0 |d(Fi)an |(pi) for some C ′′0 . Since an →
∞ as n→∞, we can repeat the same argument as step 3 above.
Step 5: Choose a small µ > 0 and take any g ∈ Fµ(f). Notice that g may
not be pre-admissible, but is µ-close in norm. So by remark 4.9, a similar
estimate as (∗) in step 4 also holds for the Hamiltonian diffeomorphisms
Gi of gi, by replacing n by 2n on the left hand side, if necessary. The rest
argument is the same, and obtained infinite cyclicity of G. q.e.d.
Remark 4.11. In fact the uniform bound:
λi ≤ < u, ω > (sup f − inf f)−1
holds by lemma 5.1.
5. Periodic orbit and cobordism
Let [(Mi, ωi, Ji)] be an almost Ka¨hler sequence, and put M = ∪i≥0 Mi.
Let us fix the following data; (1) a large l ≥ 1, (2) a non trivial homotopy
class α ∈ pi2(M) and (3) two different points p0, p∞ ∈M0 ⊂M ≡ ∪i≥0 Mi.
Let us take a pre-admissible Hamiltonian f : M → [0,∞) with f |N0 ≡
0 and f |N∞ ≡ sup f . There is δ > 0 so that the open neighborhoods
N0, N∞ ⊂ M both contain δ balls with the centers p0, p∞ respectively. We
denote its restrictions by fi : Mi → R.
CP1 has particular points 0,∞ ∈ CP1, and let 0 ∈ D(1) ⊂ S2 = CP1 be
the hemisphere.
5.1. Finite dimensional case. Let us recall the construction of the func-
tional Fi : Bi → Ei in [HV]. Let us put:
Wi = (S
2\{0,∞})×Mi ∪ {0} × (N0 ∩Mi) ∪ {∞} × (N∞ ∩Mi).
Notice that (z, u(z)) ∈Wi for u ∈ Bi. Let us define the complex anti-linear
map:
fˆi(z,m) : TzS
2 → TmMi (z,m) ∈Wi
by (1) fˆi(0, ) = 0, fˆi(∞, ) = 0, and (2) fˆi(z,m)(z) = 12pi∇fi(m), where
we use the identity chart over C ⊂ S2. fˆi are uniquely determined by anti-
linearity. Then we define the functional:
Fi(u)(z) = fˆi(z, u(z)).
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Let us consider the cobordism:
Ci = { (λ, u) ∈ [0,∞)×Bi : ∂¯i(u) + λFi(u) = 0 }
which contains M(Mi, ωi, Ji) by embedding u→ (0, u). Let us put:
Ci(λ) = { u ∈ Bi : (λ, u) ∈ Ci },
Ci(0 ≤ λ < ) = ∪0≤λ< Ci(λ).
There is a bi-holomorphic isomorphism:
Φ : Z = R× S1 ∼= CP1\{0,∞}, (r, t)→ exp(r + 2piit)
where we equip Z with the standard complex structure. Then any u ∈ B
can be regarded as a map:
u : R× S1 7→M
with u(−∞) = p0 and u(∞) = p∞ ∈M0.
Let us put:
s0(u) = sup{ s ∈ R : u((−∞, s)× S1) ⊂ N0 },
s∞(u) = inf{ s ∈ R : u((s,∞)× S1) ⊂ N∞ }
with s(u) ≡ s∞(u) − s0(u) > 0. Then it admits a continuous S1 action
which is induced from S1 coordinate action on R× S1.
Lemma 5.1. Suppose M(Mi, ωi, Ji) is compact, regular and S
1 freely cobor-
dant to non zero with respect to a minimal class α. Then the followings hold:
(1) Ci is non compact, and Ci(λ) is empty for:
sup f − inf f > λ−1 < ωi, α > .
(2) Non trivial periodic solutions xi exist with respect to λifi for some
λi > 0, where they are obtained as:
xi = lim
l→∞
uli(s
l
i, )
for some divergent sequences uli ∈ Ci(λli) with respect to l. Here λi = liml λli
and liml s(u
l
i) =∞ with s0(uli) ≤ sli ≤ s∞(uli).
These are verified in proposition 2.6, 2.7 and page 618 in [HV].
5.2. Sacks-Uhlenbeck type estimates. In 5.2, we fix a minimal element.
We verify the following:
Lemma 5.2. There is positive  > 0 independent of i so that for any u ∈ Ci
the uniform estimates hold:∫
(−∞,s0(u)]
ω,
∫
[s∞(u),∞)
ω > .
The proof of lemma 5.2 uses the following:
Proposition 5.3. There is a constant C0 ≥ 0 so that for any u ∈ Ci, the
uniform bound:
||du||C0(R×S1) ≤ C0 <∞
holds independently of i.
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Before going into the proof, let us finish the proof of lemma 4.10 assuming
lemma 5.2 and proposition 5.3.
Proof of lemma 4.10: Let us verify uniform positivity δ(F˜i;mi) ≥ ,
where (F˜i)t correspond to λifi and mi = xi(0) in lemma 5.1.
For u ∈ Ci(λ), let us regard it as u : R× S1 →Mi, and put:
a(s) =
∫
(−∞,s]×S1
u∗(ω)−
∫ 1
0
λfi(u(s, t))dt.
Then:
da
ds
=
∫
S1
|J(u) ∂
∂t
u+ λ∇fi|2dt
holds, and so a(s) is monotone increasing.
Let (F˜i)t : Mi ∼= Mi be the Hamiltonian diffeomorphisms with respect to
λifi, and consider u
l
i and xi in lemma 5.1, where {uli(sli, )}l converge to
the periodic orbit xi = (F˜i)t(mi) in Mi.
Because the equalities:
a(s0(u
l
i)) =
∫
(−∞,s0(uli)]
ω
hold, it follows from monotonicity and lemma 5.2 that uniform positivity
holds: ∫
(−∞,sli]×S1
(uli)
∗(ω)−
∫ 1
0
λlifi(u
l
i(s
l
i, t))dt ≥ .
It follows from lemma 5.2 and proposition 5.3 that for a large l0, one may
modify:
ul0i |(−∞, sli]× S1
on small neighborhoods of {sli} × S1 so that they consist of the cones:
ul0i (s
l0
i , t) = xi(t) = (F˜i)t(mi)
in 4.2 with the uniform bounds:
A(λifi,mi) =
∫
(−∞,sl0i ]×S1
(ul0i )
∗(ω)−
∫ 1
0
λifi((F˜i)t(mi))dt ≥ 
2
.
Since δ(F˜i;mi) = A(λifi,mi) hold by lemma 4.7(1), this verifies uniform
positivity.
Next let us verify uniform bounds C ≥ λi ≥ c > 0 from both sides in
lemma 4.10. Uniform bound from above follows by lemma 5.1.
Let us verify uniform lower bound. Suppose contrary and choose a de-
generating sequence λi → 0, by taking a subsequence if necessarily. Notice
a(∞) =< ω, u > +λ(sup f − inf f) which is uniformly bounded. Moreover
a(s) is monotone increasing. So there is a family ui ∈ Ci(λ′i) with s(ui)→∞,
and xi = ui(si, ) satisfy: ∫
S1
|dxi
dt
|2dt→ 0
for some s0(ui) ≤ si ≤ s∞(ui) as i→∞. In particular diameters of xi go to
zero.
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So one can cut ui along xi, put small discs on the boundary circles, and
obtain two spheres v1i and v
2
i with p0 ∈ v1i and p∞ ∈ v2i .
Because a(s) above is monotone increasing and λi → 0, it follows from
lemma 5.2 that both must satisfy uniform positivity:
< v1i , ω >, < v
2
i , ω > ≥

2
.
On the other hand the convergence:
lim
i→∞
< v1i , ω > + < v
2
i , ω >=< ui, ω >
hold, and the right hand side is minimal. This is a contradiction, and we
are done. This completes the proof of lemma 4.10.
Remark 5.4. The proofs below verifies that both constants C0 in proposition
5.3 and  in lemma 5.2 depend only on ||f ||Cl+1(M). Let us fix the data on
M :
{p0, p∞, N0, N∞, U}.
Then these estimates hold uniformly with the same constants  and C0,
among all pre-admissible bounded Hamiltonians with bounds ||f ||Cl+1(M) ≤
C by a constant C, where l is the fixed degree on the Sobolev space we used.
Proof. Let us verify proposition 5.3. We proceed by contradiction argument.
Suppose contrary, and choose a sequence ui ∈ Ci with ||dui||C0(R×S1) →∞.
Step 1: By applying lemma 3.3 in [HV] to X = Mi, one can find i → 0
and xi ∈ R× S1 with:
|dui(xi)|i →∞, |dui(x)| ≤ 2|dui(xi)| (|xi − x| ≤ i).
Let us put:
Ri = |dui(xi)|i, vi(x) ≡ ui(xi + |dui(xi)|−1x).
Then vi satisfy the equation:
∂
∂s
vi + J(vi)
∂
∂t
vi + |dui(xi)|−1λi∇fi(vi) = 0
with |dvi(0)| = 1 and |dvi(x)| ≤ 2 for x ∈ BRi(0) ⊂ R2. Let us choose
another sequence Si ≤ Ri with Si →∞, so that:
vol (BSi(0))
1
2 |dui(xi)|−1λi||∇fi||C0(Mi) → 0
holds. By elliptic regularity, the uniform estimate ||dvi||L2(BSi (0)) ≥ δ holds
for some constant δ > 0.
Now we have the point-wise equalities:
|dvi|2 = ω( ∂
∂s
vi, J
∂
∂s
vi) + ω(
∂
∂t
vi, J
∂
∂t
vi)
= 2ω(
∂
∂s
vi,
∂
∂t
vi)− ω( ∂
∂s
vi, J |dui(xi)|−1λi∇fi(vi))
− ω( ∂
∂t
vi, |dui(xi)|−1λi∇fi(vi)).
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Then for sufficiently large i >> 1, we have the estimates:∫
BSi (0)
|ω( ∂
∂s
vi, J |dui(xi)|−1λi∇fi(vi))|
≤ ||dvi||L2(BSi (0)) vol (BSi(0))
1
2 |dui(xi)|−1λi||∇fi||C0(Mi)
≤ δ
3
||dvi||L2(BSi (0)) ≤
1
3
||dvi||2L2(BSi (0)).
A similar estimate also holds:∫
BSi (0)
|ω( ∂
∂t
vi, |dui(xi)|−1λi∇fi(vi))| ≤ 1
3
||dvi||2L2(BSi (0)).
Combining with these estimates, the following must hold:
δ2 ≤ ||dvi||2L2(BSi (0)) ≤ 6
∫
BSi (0)
v∗i (ω).
Step 2: Let us verify that the integral
∫
BSi (0)
v∗i (ω) is uniformly bounded
from above. In fact the equality holds:
ω(
∂
∂s
vi,
∂
∂t
vi) = |dui(xi)|−1λidfi
ds
(vi) + |J(vi) ∂
∂t
vi + |dui(xi)|−1λi∇fi|2.
The integral of the first term on the right hand side satisfies the estimate:∫ s1
s0
|dui(xi)|−1λidfi
ds
(vi)ds = |dui(xi)|−1λi(fi(vi(s1, t))− fi(vi(s0, t)))
≤ 2|dui(xi)|−1λi||fi||C0(Mi).
In particular it follows from the estimate:
|
∫
BSi (0)
|dui(xi)|−1λi df
ds
(vi)| ≤ 2Si|dui(xi)|−1λi||fi||C0(Mi)
that the left hand side is uniformly bounded from above.
Since the equality:
< ui, ω > −λi(sup f − inf f) =
∫
R×S1
|J(ui) ∂
∂t
ui + λi∇fi|2
holds, the right hand side is uniformly bounded, and hence the integral∫
BSi (0)
|J(vi) ∂∂tvi+ |dui(xi)|−1λi∇fi|2 is also uniformly bounded from above.
This verifies the claim.
Remark 5.5. One can give another argument by [HV] by use of the basic
results of holomorphic curves, if we assume quasi-transitivity on M .
Step 3: L2 norm ||dvi||2L2(BSi (0)) is uniformly bounded from above by
step 1, 2. Let us choose some 0 < µi → 0 so that (1) (µisi, µiri) = (1.5, 1)
for some 0 < ri < si ≤ Si and (2) ||dvi||L2(Bsi (0)\Bri (0)) → 0.
Let us put v′i : B1.5(0) → Mi by v′i(s, t) = vi(µ−1i s, µ−1i t). L2 norms are
preserved under rescaling ||dv′i||L2(B1.5(0)\B1(0)) = ||dvi||L2(Bsi (0)\Bri (0)), and
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hence the left hand side converges to zero. Combining with the Cauchy-
Schwartz, ||dv′i||L1(B1.5(0)\B1(0)) approaches to zero. In particular there is
some 1 ≤ a′i ≤ 1.5 such that
||dv′i||L1(S1(a′i)) → 0
where S1(a′i) = {z ∈ C : |z| = a′i}. Let us put ai = µ−1i a′i. Then the length
of vi(S
1(ai)) goes to zero.
So one can cut the disk vi(Bai(0)) and put a small disk along vi(S
1(ai)).
By this way one obtains a sphere wi from vi, and similarly one gets another
sphere w′i by attaching it on the complement ui\vi(Bai(0)) along the same
boundary.
It follows from step 1 that uniform positivity < wi, ω > ≥ c > 0 must
hold. Because < ui, ω >=< wi, ω > + < w
′
i, ω > are the minimal and
positive number,
< w′i, ω > ≤ 0
must be non positive. On the other hand there are decreasing constants
0 < δi → 0 such that:
< w′i, ω > > λi(sup f − inf f)+
∫
R×S1\Bi (xi)
|J(ui) ∂
∂t
ui+λi∇fi|2−δi ≥ −δi
must hold.
Step 4: The above estimate implies that (1) < w′i, ω >= 0, (2) there
could occur at most one bubbling, and (3)
∫
R×S1\Bi (xi) |J(ui)
∂
∂tui + λi∇fi|
goes to 0.
In particular s(ui) = s∞(ui)− s0(ui) ≥ c > 0 must be uniformly bounded
from below, since bubbling can occur only at one point. xi ∈ R × S1 is
contained in one of [s∞(ui),∞)×S1 or (−∞, s0(ui)]×S1 or [s0(ui), s∞(ui)]×
S1.
Let us consider the first case. The restriction ui|(−∞, s0(ui)] × S1 must
have uniformly bounded one derivatives.
By the construction, ui is holomorphic on (−∞, s0(ui)]×S1 whose images
are contained in N0 ⊂M . There is some δ > 0 such that N0 contains 2δ > 0
ball with the center p0. Then ui(−∞, S1) = p0 and d(ui(ri, yi), p0) = δ > 0
must hold for some yi ∈ S1 and ri < s0(ui).
Let us denote by D2(b) ⊂ S2 the disk with the radius b. One may assume
(−∞, ri]× S1 = D2(1)\0 ⊂ S2 by use of translation if necessarily, where we
disregard the normalization condition
∫
D(1) u
∗(ω) = 12 < u, ω >. Then let
us choose ai > 0 with (−∞, s0(ui)]× S1 = D2(1 + ai)\0 ⊂ S2.
We claim that ai > 0 is uniformly bounded from below. In fact there is
xi ∈ S1 with d(u(s0(ui), xi), p0) ≥ 2δ, and the estimate d(ui(ri, xi), p0) ≤ δ
must hold. Thus we have:
d(ui(ri, xi), u(s0(ui), xi)) ≥ δ.
If |ri−s0(ui)| is small, then it would contradict to the assumption of uniform
bound of ||du|| on (−∞, s0(ui)]× S1. This verifies the claim.
But this would be impossible, since:∫
(−∞,ri]×S1
| ∂
∂s
ui|2 =
∫
(−∞,ri]×S1
| ∂
∂t
ui|2
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goes to 0 by (3) above, which contradicts to sublemma 3.8.
The second case can be considered similarly.
Suppose xi is contained in [s0(ui), s∞(ui)] × S1. Then at least one of
[s0(ui) +
s(ui)
2 , s∞(ui)] × S1 or [s0(ui), s0(ui) + s(ui)2 ] × S1 must contain xi
for some infinite number of i. In the former case, one can repeat the above
argument over (−∞, s0(ui)]× S1.
The rest case can be considered similarly. q.e.d.
Proof. Let us verify lemma 5.2. By proposition 5.3, uniform bound:
||du||C0(R×S1) ≤ C0 <∞
holds. Let us verify that there is positive  > 0 determined by [(Mi, ωi, Ji)]
with the uniform estimates:∫
(−∞,s0(u)]×S1
u∗(ω),
∫
[s∞(u),∞)×S1
u∗(ω) ≥ .
We only verify the estimate for the former. The latter follows by the same
argument.
Step 1: Let us choose δ > 0 so that 2δ ball B2δ(p0) with the center p0
is contained in N0. Let us put s
′
0(u) = sup{s ∈ R : u((−∞, s) × S1) ⊂
Bδ(p0)}. u′(s, x) ≡ u(s + α, x) still satisfies uniformity ||du′||C0(R×S1) ≤
C0 <∞. By translation, assume (−∞, s′0(u)]×S1 = D2(1)\0 ⊂ S2 and put
(−∞, s0(u)] × S1 = D2(1 + a)\0 ⊂ S2. a > 0 is uniformly bounded from
below by proposition 5.3.
Step 2: Notice that u is holomorphic on D(1+a), and a > 0 is uniformly
bounded from below by step 1. Suppose
∫
D(1+a) u
∗(ω) <  could hold for
small  > 0. Then by sublemma 3.8, the uniform estimates of the derivative:
|du|(m) ≤ C√
hold on all points m ∈ D2(1). This is a contradiction if  > 0 is small, since
the distance d(p0, u(s
′
0(u), y)) attains δ at some y ∈ S1. q.e.d.
6. Structure of the cobordism
6.1. Proper compactness. Here we verify theorem 1.5.
Sublemma 6.1. Let [(Mi, ωi, Ji)] be a quasi-transitive almost Ka¨hler se-
quence, and suppose M[(Mi, ωi, Ji)] is compact with respect to a minimal
class.
If a family {uk}k ⊂ D satisfies uniform bound ||duk||C0(S2) ≤ C with:
lim
k→∞
||∂¯J(uk)|| = 0
then a subsequence converges to some elements in M[(Mi, ωi, Ji)].
Proof. It follows from quasi-transitivity and the assumption on the uniform
bound that for any small µ > 0, there is l0 and a family of automorphisms
Ak on M such that the estimates hold for all k:
d( im Ak(uk),Ml0) < µ.
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Let pi : U(Ml0) → Ml0 be the holomorphic projection, and consider the
compositions:
pi ◦Ak(uk) : S2 →Ml0 .
Then the Sobolev norms ||∂¯(pi ◦Ak(uk))|| = ||(pi ◦Ak)∗∂¯(uk)|| converge to 0
over Ml0 . So there is a holomorphic curve u ∈M[(Mi, ωi, Ji)] so that Ak(uk)
are contained in a small neighborhood of u in B for all large k.
The family {A−1k (u)}k must be contained in M[(Mi, ωi, Ji)], since Ak are
automorphisms which preserves M0. In particular uk themselves must be
contained in a small neighborhood of M[(Mi, ωi, Ji)]. So the conclusion
follows since M[(Mi, ωi, Ji)] is compact. q.e.d.
Proof. Let us verify theorem 1.5. For the proof we apply analysis of moduli
theory in section 3.
Remark 6.2. The proof below verifies that λ0 can be chosen uniformly among
pre-admissible and bounded Hamiltonians with uniform bound ||f ||Cl+1(M) ≤
C by a constant C, where l is the derivative order of the Sobolev spaces (cf.
remark 5.4).
Step 1: We claim that there are λ0 > 0 and C so that any ui ∈ Ci(0 ≤
λ ≤ λ0) satisfy uniform bounds ||dui||C0(S2) ≤ C.
By proposition 5.3, uniformity ||dui||C0(R×S1) ≤ C holds. It follows from
the argument in the proof of lemma 4.10 that there is positive λ0 > 0 such
that uniform bounds s(ui) = s∞(ui) − s0(ui) ≤ c hold for some constant
c > 0 for all ui ∈ C(λi) with 0 ≤ λi ≤ λ0. In fact otherwise one would find
λi → 0 and ui ∈ C(λi) with s(ui) → ∞. It leads us to find non trivial two
spheres, which cannot happen.
Our claim follows, if both {s0(ui)}i and {s∞(ui)}i are uniformly bounded
from both sides.
Suppose s0(ui) → −∞ could hold. Then s∞(ui) ≤ 0 hold for all large i.
Let a(s) be in the proof of lemma 4.10. Because a(s) is monotone increasing,
we have the estimates:
a(s) ≤ a(0) = 1
2
< ui, ω > −λi(sup f − inf f)
for all s∞(ui) ≤ s ≤ 0, since ui([s∞(ui),∞)×S1) is contained in N∞. Notice
that ui is holomorphic on the region.
There is some s∞(ui) ≤ si ≤ 0 so that the diameter of ui(si, ) goes to
zero, by proposition 5.3. By cutting along the circle and putting discs on,
one obtains two spheres v1i and v
2
i with p0 ∈ v1i and p∞ ∈ v2i . Because a(s)
is monotone increasing, it follows from lemma 5.2 that uniform positivity
0 < 2 ≤ < v1i , ω > must follow for all large i. However this would contradict
to the bounds < v2i , ω > ≥ 12 < ui, ω > −δi where δi → 0 as i→∞.
Another case can be considered similarly.
Step 2: We verify that there is a small λ0 > 0 such that homeomorphism:
Ci(0 ≤ λ < λ0) ∼= M(M0, ω0, J0)× [0, λ0) = M[(Mi, ωi, Ji)]× [0, λ0)
holds for any sufficiently large i.
Let us take u ∈ M[(Mi, ωi, Ji)] and consider Uˆ(u) as in 3.3. Let f :
M → [0,∞) be a pre-admissible bounded Hamiltonian. Then we have the
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corresponding functional Fˆ : Uˆ(u)→ Eˆ as in 5.1. Let us put the cobordism:
C = { (u′, λ) ∈ Uˆ(u)× [0,∞) : ∂¯(u′) + λFˆ(u′) = 0,
λ ≥ 0, u ∈M[(Mi, ωi, Ji)] }.
It follows from theorem 1.1 thatM[(Mi, ωi, Ji)] coincides withM(M0, ω0, J0),
and is strongly regular and compact. So the embedding:
C(0 ≤ λ < λ0) ⊃ M(M0, ω0, J0)× [0, λ0)
holds for some positive λ0 > 0, by the infinite dimensional implicit function
theorem.
One can make a small perturbation of f with df |Mi = d(f |Mi) for all
sufficiently large i by properness, so that C(0 ≤ λ < λ0) contain Ci(0 ≤ λ <
λ0) regularly. So we obtain the embeddings:
Ci(0 ≤ λ < λ0) ⊃ M(M0, ω0, J0)× [0, λ0).
If for any small λ0 > 0, there could exist some i such that Ci(0 ≤ λ <
λ0) = M(M0, ω0, J0) × [0, λ0) were not satisfied, then there should ex-
ist divergent sequence ui ∈ Ci(0 ≤ λ < δi) with δi → 0. In particular
limi ||∂¯J(ui)|| = 0 must hold, which cannot happen by sublemma 6.1 with
step 1. q.e.d.
6.2. A new inequality. Let us induce a new inequality which arises from
comparison between structure of cobordism of the moduli space and of itera-
tion of Hamiltonian diffeomorphisms. Let [(Mi, ωi, Ji)] be an almost Ka¨hler
sequence, and fix the data {p0, p∞, N0, N∞, U} on M .
Proof. Let us verify theorem 1.6.
Step 1: We verify that there is a constant C so that for any f with
||f ||Cl+1(M) ≤ 1, the inequality C ≤ Cob (f) As(f) holds, where l is the
order on the Sobolev derivatives (see 3.1).
Recall a uniform property in remark 5.4. It follows from the proof of
lemma 4.10 that there is  > 0 so that any f as above satisfies the uniform
estimate |δ(F˜i,mi)| > , where F˜i are the Hamiltonian diffeomorphisms with
respect to λifi.
It follows from 4.3 in the proof of theorem 1.3 step 4 that there is a
constant C such that the estimate:
n ≤ Cλ||d(Fi)n||C0(Mi)
holds for any n ≥ 1, where λ = limi→∞ λi. So the lower bound holds:

Cλ
≤ As(f).
Step 2: Theorem 1.5 and remark 6.2 verifies uniform positivity:
Cob (f) ≥ λ0 > 0.
λi is chosen so that the estimate λi > λ0 holds in lemma 5.1, since we have
chosen (ui, λi) ∈ Ci(λi) so that the family {ui}i diverges.
We claim that one can choose λi so that λi → Cob (f) holds. Suppose
contrary. By definition of Cob (f), the estimate λi ≥ Cob (f) holds, and
so λi > Cob (f) has to hold. Then for any λi > µ > µ
′ > Cob (f), there
should exist infinite number of i such that Ci(δ) are empty or non compact
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for all µ′ ≤ δ ≤ µ. Because Ci cannot give S1 freely zero cobordism to the
moduli space of holomorphic curves in lemma 5.1 (proposition 2.7 in [HV]),
Ci(0 ≤ δ ≤ µ) is also non compact. Then one can choose 0 < λi ≤ µ, which
gives a contradiction. This verifies the claim.
Combining with these, we obtain the uniform lower bound:
C−1 ≤ Cob (f) As(f).
Step 3: Let us choose some 1 ≥ α > 0 with ||αf ||Cl+1(M) ≤ 1. Clearly
we have the equality:
Cob (αf) = α−1 Cob (f).
Let F˜ be the Hamiltonian diffeomorphism with respect to αf . Then we
have the equality F˜t = Fαt. Let us put α
−1m = km − αm with km ∈ N and
0 ≤ αm < 1. Then:
1
m
||d(Fi)m||C0(Mi) =
1
m
||d(F˜i)α−1m||C0(Mi)
=
1
m
||d(F˜i)−αm ◦ d(F˜i)km ||C0(Mi)
≥ C0 α
−1
α−1m
||d(F˜i)km ||C0(Mi)
≥ C0α
−1
km
||d(F˜i)km ||C0(Mi).
By letting m, i→∞, we obtain the estimate:
As(f) ≥ C0α−1 As(αf).
So we obtain the inequality:
Cob (f) As(f) ≥ α Cob (αf)C0α−1 As(αf)
= C0 Cob (αf) As(αf) ≥ C ′0.
q.e.d.
For any bounded Hamiltonian f , let us introduce another invariant:
Ĉob(f) = sup
λ≥0
{ λ : C(µ) are non empty and compact for all 0 ≤ µ ≤ λ}.
It would be interesting to compare Ĉob(f) with Cob(f) on some reasonable
class of spaces such as the one in theorem 1.5.
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